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Pierre de Fermat Andrew John Wiles

Cubum autem in duos cubos, aut quadratoquadratum in duos quadra-
toquadratos, et generaliter nullam in innitum ultra quadratum
potestatum in duos ejusdem nominis fas est dividerecujes rei
demonstrationem mirabilem sane detexi. Hanc marginis exiguitas
non caperet.

- Pierre de Fermat 1637

Abstract. When Andrew John Wiles was 10 years old, he read Eric Temple Bell's The
Last Problem and was so impressed by it that he decided that he would be the rst person
to prove Fermat's Last Theorem. This theorem states that there are no nonzero integers
a;b;c;n with n > 2 such that a" + b” = c". The object of this paper is to prove that
all semistable elliptic curves over the set of rational numbers are modular. Fermat's Last
Theorem follows as a corollary by virtue of previous work by Frey, Serre and Ribet.

Introduction

An elliptic curve over Q is said to be modular if it has a nite covering by
a modular curve of the form Xo(N): Any such elliptic curve has the property
that its Hasse-Weil zeta function has an analytic continuation and satis es a
functional equation of the standard type. If an elliptic curve over Q with a
given j -invariant is modular then it is easy to see that all elliptic curves with
the samej -invariant are modular (in which case we say that thej -invariant
is modular). A well-known conjecture which grew out of the work of Shimura
and Taniyama in the 1950's and 1960's asserts that every elliptic curve ove@
is modular. However, it only became widely known through its publication in a
paper of Weil in 1967 [We] (as an exercise for the interested reader!), in which,
moreover, Weil gave conceptual evidence for the conjecture. Although it had
been numerically veri ed in many cases, prior to the results described in this
paper it had only been known that nitely many | -invariants were modular.

In 1985 Frey made the remarkable observation that this conjecture should
imply Fermat's Last Theorem. The precise mechanism relating the two was
formulated by Serre as the"-conjecture and this was then proved by Ribet in
the summer of 1986. Ribet's result only requires one to prove the conjecture
for semistable elliptic curves in order to deduce Fermat's Last Theorem.

*The work on this paper was supported by an NSF grant.
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Our approach to the study of elliptic curves is via their associated Galois
representations. Suppose that , is the representation of Gal@Q=Q) on the
p-division points of an elliptic curve over Q, and suppose for the moment that

3 Is irreducible. The choice of 3 is critical because a crucial theorem of Lang-
lands and Tunnell shows that if 3 is irreducible then it is also modular. We
then proceed by showing that under the hypothesis that 3 is semistable at 3,
together with some milder restrictions on the rami cation of 3 at the other
primes, every suitable lifting of 3 is modular. To do this we link the problem,
via some novel arguments from commutative algebra, to a class number prob-
lem of a well-known type. This we then solve with the help of the paper [TW].
This su ces to prove the modularity of E as it is known that E is modular if
and only if the associated 3-adic representation is modular.

The key development in the proof is a new and surprising link between two
strong but distinct traditions in number theory, the relationship between Galois
representations and modular forms on the one hand and the interpretation of
special values ofL-functions on the other. The former tradition is of course
more recent. Following the original results of Eichler and Shimura in the
1950's and 1960's the other main theorems were proved by Deligne, Serre and
Langlands in the period up to 1980. This included the construction of Galois
representations associated to modular forms, the re nements of Langlands and
Deligne (later completed by Carayol), and the crucial application by Langlands
of base change methods to give converse results in weight one. However with
the exception of the rather special weight one case, including the extension by
Tunnell of Langlands' original theorem, there was no progress in the direction
of associating modular forms to Galois representations. From the mid 1980's
the main impetus to the eld was given by the conjectures of Serre which
elaborated on the"-conjecture alluded to before. Besides the work of Ribet and
others on this problem we draw on some of the more specialized developments
of the 1980's, notably those of Hida and Mazur.

The second tradition goes back to the famous analytic class number for-
mula of Dirichlet, but owes its modern revival to the conjecture of Birch and
Swinnerton-Dyer. In practice however, it is the ideas of Iwasawa in this eld on
which we attempt to draw, and which to a large extent we have to replace. The
principles of Galois cohomology, and in particular the fundamental theorems
of Poitou and Tate, also play an important role here.

The restriction that 3 be irreducible at 3 is bypassed by means of an
intriguing argument with families of elliptic curves which share a common
5. Using this, we complete the proof that all semistable elliptic curves are
modular. In particular, this nally yields a proof of Fermat's Last Theorem. In
addition, this method seems well suited to establishing that all elliptic curves
over Q are modular and to generalization to other totally real number elds.

Now we present our methods and results in more detail.
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Let f be an eigenform associated to the congruence subgroup, (N) of
SLy(Z) of weight k 2 and character : Thus if T, is the Hecke operator
associated to an integem there is an algebraic integerc(n; f ) such that T,f =
c(n;f)f for eachn. We let K¢ be the number eld generated overQ by the
fc(n;f )g together with the values of and let O be its ring of integers.
For any prime of O let Oy be the completion of O at . The following
theorem is due to Eichler and Shimura (fork = 2) and Deligne (for k > 2).
The analogous result whenk = 1 is a celebrated theorem of Serre and Deligne
but is more naturally stated in terms of complex representations. The image
in that case is nite and a converse is known in many cases.

Theorem 0.1. For each prime p 2 Z and each prime jp of O there
IS a continuous representation

. :Gal(Q=Q)! GL2(Of. )

which is unrami ed outside the primes dividing Np and such that for all primes
q- N P,

trace r (Frob g)= c(g;f); det . (Frob g)= (g %

We will be concerned with trying to prove results in the opposite direction,
that is to say, with establishing criteria under which a -adic representation
arises in this way from a modular form. We have not found any advantage
in assuming that the representation is part of a compatible system of -adic
representations except that the proof may be easier for some than for others.

Assume

0:Gal(Q=Q) |  GLa(Fy)

is a continuous representation with values in the algebraic closure of a nite
eld of characteristic p and that det  is odd. We say that o is modular

if oand f mod are isomorphic overF, for somef and and some
embedding of O = in Fy. Serre has conjectured that every irreducible ¢ of
odd determinant is modular. Very little is known about this conjecture except
when the image of o in PGL(Fp) is dihedral, A4 or S,. In the dihedral case
it is true and due (essentially) to Hecke, and in theA4 and S, cases it is again
true and due primarily to Langlands, with one important case due to Tunnell
(see Theorem 5.1 for a statement). More precisely these theorems actually
associate a form of weight one to the corresponding complex representation
but the versions we need are straightforward deductions from the complex
case. Even in the reducible case not much is known about the problem in
the form we have described it, and in that case it should be observed that
one must also choose the lattice carefully as only the semisimpli cation of
7+ = 1, mod isindependent of the choice of lattice inK ? :
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If O is the ring of integers of a local eld (containing Qp) we will say that
cGal(Q=Q) ! GL,(O) is alifting of g if, for a speci ed embedding of the
residue eld of O in Fy; and o are isomorphic overF,. Our point of view
will be to assume that ¢ is modular and then to attempt to give conditions
under which a representation lifting ¢ comes from a modular form in the

sense that . over Ky. for somef; : We will restrict our attention to
two cases:

() o is ordinary (at p) by which we mean that there is a one-dimensional
subspace oﬂ:'%; stable under a decomposition group atp and such that
the action on the quotient space is unramied and distinct from the
action on the subspace.

(I o is at (at p), meaning that as a representation of a decomposition
group at p; o is equivalent to one that arises from a nite at group
scheme overZ,, and det o restricted to an inertia group at p is the
cyclotomic character.

We say similarly that is ordinary (at p), if viewed as a representation toQ3,

there is a one-dimensional subspace c@g stable under a decomposition group
at p and such that the action on the quotient space is unrami ed.

Let " : Gal(Q=Q) ! Z, denote the cyclotomic character. Conjectural
converses to Theorem 0.1 have been part of the folklore for many years but
have hitherto lacked any evidence. The critical idea that one might dispense
with compatible systems was already observed by Drin eld in the function eld
case [Dr]. The idea that one only needs to make a geometric condition on the
restriction to the decomposition group at p was rst suggested by Fontaine and
Mazur. The following version is a natural extension of Serre's conjecture which
is convenient for stating our results and is, in a slightly modi ed form, the one
proposed by Fontaine and Mazur. (In the form stated this incorporates Serre's
conjecture. We could instead have made the hypothesis that is modular.)

Conjecture. Suppose that : Gal(Q=Q) ! GL»(O) is an irreducible
lifting of ( and that is unramied outside of a nite set of primes. There
are two cases

() Assume that o is ordinary. Then if is ordinary and det = "k 1 for
some integerk 2 and some of nite order, comes from a modular
form.

(i) Assume that o is at and that p is odd. Then if restricted to a de-
composition group atp is equivalent to a representation on ap-divisible
group, again comes from a modular form.
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In case (ii) it is not hard to see that if the form exists it has to be of
weight 2; in (i) of course it would have weight k. One can of course enlarge
this conjecture in several ways, by weakening the conditions in (i) and (ii), by
considering other number elds of Q and by considering groups other
than GL,.

We prove two results concerning this conjecture. The rst includes the
hypothesis that ( is modular. Here and for the rest of this paper we will
assume thatp is an odd prime.

Theorem 0.2. Suppose that ¢ is irreducible and satis es either (I) or
(I1) above. Suppose also thaty is modular and that

q__
(i) o is absolutely irreducible when restricted toQ ( 1)%p .

@iy If g 1 modp is ramied in o then either ojp, is reducible over
the algebraic closure whereD is a decomposition group atq or oj;, is
absolutely irreducible wherel ; is an inertia group at g.

Then any representation as in the conjecture does indeed come from a mod-
ular form.

The only condition which really seems essential to our method is the re-
quirement that  be modular.

The most interesting case at the moment is wherp =3 and ( can be de-
ned over F3. Then since PGLy(F3) ' S, every such representation is modular
by the theorem of Langlands and Tunnell mentioned above. In particular, ev-
ery representation into GL,(Z3) whose reduction satis es the given conditions
is modular. We deduce:

Theorem 0.3. Suppose thatE is an elliptic curve de ned over Q and
that ¢ is the Galois action on the 3-division points. Suppose thatE has the
following properties

() E has good or multiplicative reduction at3.

(i) o is absolutely irreducible when restricted toQ P -3

(i) For any q 1 mod 3either ojp, is reducible over the algebraic closure
or ojlq is absolutely irreducible.

Then E should be modular.

We should point out that while the properties of the zeta function follow
directly from Theorem 0.2 the stronger version that E is covered by Xo(N)
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requires also the isogeny theorem proved by Faltings (and earlier by Serre when
E has nonintegral j -invariant, a case which includes the semistable curves).
We note that if E is modular then so is any twist of E, so we could relax
condition (i) somewhat.

The important class of semistable curves, i.e., those with square-free con-
ductor, satis es (i) and (iii) but not necessarily (ii). If (i) fails then in fact ¢
is reducible. Rather surprisingly, Theorem 0.2 can often be applied in this case
also by showing that the representation on the 5-division points also occurs for
another elliptic curve which Theorem 0.3 has already proved modular. Thus
Theorem 0.2 is applied this time with p = 5. This argument, which is explained
in Chapter 5, is the only part of the paper which really uses deformations of
the elliptic curve rather than deformations of the Galois representation. The
argument works more generally than the semistable case but in this setting
we obtain the following theorem:

Theorem 0.4. Suppose thatE is a semistable elliptic curve de ned over
Q. Then E is modular.

More general families of elliptic curves which are modular are given in Chap-
ter 5.

In 1986, stimulated by an ingenious idea of Frey [Fr], Serre conjectured
and Ribet proved (in [Ril]) a property of the Galois representation associated
to modular forms which enabled Ribet to show that Theorem 0.4 implies "Fer-
mat's Last Theorem'. Frey's suggestion, in the notation of the following theo-
rem, was to show that the (hypothetical) elliptic curve y? = x(x + uP)(x  vP)
could not be modular. Such elliptic curves had already been studied in [He]
but without the connection with modular forms. Serre made precise the idea
of Frey by proposing a conjecture on modular forms which meant that the rep-
resentation on the p-division points of this particular elliptic curve, if modular,
would be associated to a form of conductor 2. This, by a simple inspection,
could not exist. Serre's conjecture was then proved by Ribet in the summer
of 1986. However, one still needed to know that the curve in question would
have to be modular, and this is accomplished by Theorem 0.4. We have then

(nally!):

Theorem 0.5. Suppose thatuP + vP+ wP =0 with u;v;w 2 Q andp 3;
thenuvw = 0. (Equivalently - there are no nonzero integers; b; c; nwith n > 2
such thata" + b’ = ¢".)

The second result we prove about the conjecture does not require the
assumption that o be modular (since it is already known in this case).
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Theorem 0.6. Suppose that g is irreducible and satis es the hypothesis
of the conjecture, including (I) above. Suppose further that

i o= Ind(Lg o for a character o of an imaginary quadratic extensionL
of Q which is unrami ed at p.

(ii) det oy, = ! .

Then a representation as in the conjecture does indeed come from a modular
form.

This theorem can also be used to prove that certain families of elliptic
curves are modular. In this summary we have only described the principal
theorems associated to Galois representations and elliptic curves. Our results
concerning generalized class groups are described in Theorem 3.3.

The following is an account of the origins of this work and of the more
specialized developments of the 1980's that a ected it. | began working on
these problems in the late summer of 1986 immediately on learning of Ribet's
result. For several years | had been working on the lwasawa conjecture for
totally real elds and some applications of it. In the process, | had been using
and developing results on -adic representations associated to Hilbert modular
forms. It was therefore natural for me to consider the problem of modularity
from the point of view of "-adic representations. | began with the assumption
that the reduction of a given ordinary "-adic representation was reducible and
tried to prove under this hypothesis that the representation itself would have
to be modular. | hoped rather naively that in this situation | could apply the
techniques of lwasawa theory. Even more optimistically | hoped that the case
" =2 would be tractable as this would su ce for the study of the curves used
by Frey. From now on and in the main text, we write p for = because of the
connections with lwasawa theory.

After several months studying the 2-adic representation, | made the rst
real breakthrough in realizing that | could use the 3-adic representation instead:
the Langlands-Tunnell theorem meant that 3, the mod 3 representation of any
given elliptic curve over Q, would necessarily be modular. This enabled me
to try inductively to prove that the GL ,(Z=3"Z) representation would be
modular for eachn. At this time | considered only the ordinary case. This led
quickly to the study of H'(Gal(F; =Q);W;) for i =1 and 2, where F; is the
splitting eld of the m-adic torsion on the Jacobian of a suitable modular curve,
m being the maximal ideal of a Hecke ring associated toz and W; the module
associated to a modular formf described in Chapter 1. More speci cally, |
needed to compare this cohomology with the cohomology of Galj =Q) acting
on the same module.

| tried to apply some ideas from Ilwasawa theory to this problem. In my
solution to the lwasawa conjecture for totally real elds [Wi4], | had introduced
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a new technique in order to deal with the trivial zeroes. It involved replacing
the standard Iwasawa theory method of considering the elds in the cyclotomic
Z,-extension by a similar analysis based on a choice of in nitely many distinct
primesg 1 modp" with nj!1 asi!l :Some aspects of this method
suggested that an alternative to the standard technique of Iwasawa theory,
which seemed problematic in the study ofW; , might be to make a comparison
between the cohomology groups as varies but with the eld Q xed. The
new principle said roughly that the unrami ed cohomology classes are trapped
by the tamely rami ed ones. After reading the paper [Grel]. | realized that the
duality theorems in Galois cohomology of Poitou and Tate would be useful for
this. The crucial extract from this latter theory is in Section 2 of Chapter 1.

In order to put ideas into practice | developed in a naive form the
techniques of the rst two sections of Chapter 2. This drew in particular on
a detailed study of all the congruences betweeri and other modular forms
of di ering levels, a theory that had been initiated by Hida and Ribet. The
outcome was that | could estimate the rst cohomology group well under two
assumptions, rst that a certain subgroup of the second cohomology group
vanished and second that the formf was chosen at the minimal level form.
These assumptions were much too restrictive to be really e ective but at least
they pointed in the right direction. Some of these arguments are to be found
in the second section of Chapter 1 and some form the rst weak approximation
to the argument in Chapter 3. At that time, however, | used auxiliary primes
q 1 mod p when varying as the geometric techniques | worked with did
not apply in general for primesq 1 modp. (This was for much the same
reason that the reduction of level argument in [Ril] is much more dicult
whenq 1 mod p:) In all this work | used the more general assumption that

p was modular rather than the assumption thatp= 3.

In the late 1980's, | translated these ideas into ring-theoretic language. A
few years previously Hida had constructed some explicit one-parameter fam-
ilies of Galois representations. In an attempt to understand this, Mazur had
been developing the language of deformations of Galois representations. More-
over, Mazur realized that the universal deformation rings he found should be
given by Hecke ings, at least in certain special cases. This critical conjecture
re ned the expectation that all ordinary liftings of modular representations
should be modular. In making the translation to this ring-theoretic language
| realized that the vanishing assumption on the subgroup ofH 2 which | had
needed should be replaced by the stronger condition that the Hecke rings were
complete intersections. This tted well with their being deformation rings
where one could estimate the number of generators and relations and so made
the original assumption more plausible.

To be of use, the deformation theory required some development. Apart
from some special examples examined by Boston and Mazur there had been
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little work on it. | checked that one could make the appropriate adjustments to
the theory in order to describe deformation theories at the minimal level. In the
fall of 1989, | set Ramakrishna, then a student of mine at Princeton, the task
of proving the existence of a deformation theory associated to representations
arising from nite at group schemes over Z,: This was needed in order to
remove the restriction to the ordinary case. These developments are described
in the rst section of Chapter 1 although the work of Ramakrishna was not
completed until the fall of 1991. For a long time the ring-theoretic version
of the problem, although more natural, did not look any simpler. The usual
methods of Iwasawa theory when translated into the ring-theoretic language
seemed to require unknown principles of base change. One needed to know the
exact relations between the Hecke rings for di erent elds in the cyclotomic
Z,-extension of Q, and not just the relations up to torsion.

The turning point in this and indeed in the whole proof came in the
spring of 1991. In searching for a clue from commutative algebra | had been
particularly struck some years earlier by a paper of Kunz [Ku2]. | had already
needed to verify that the Hecke rings were Gorenstein in order to compute the
congruences developed in Chapter 2. This property had rst been proved by
Mazur in the case of prime level and his argument had already been extended
by other authors as the need arose. Kunz's paper suggested the use of an
invariant (the -invariant of the appendix) which | saw could be used to test
for isomorphisms between Gorenstein rings. A dierent invariant (the p=p?-
invariant of the appendix) | had already observed could be used to test for
isomorphisms between complete intersections. It was only on reading Section 6
of [Ti2] that | learned that it followed from Tate's account of Grothendieck
duality theory for complete intersections that these two invariants were equal
for such rings. Not long afterwards | realized that, unlike though it seemed at
rst, the equality of these invariants was actually a criterion for a Gorenstein
ring to be a complete intersection. These arguments are given in the appendix.

The impact of this result on the main problem was enormous. Firstly, the
relationship between the Hecke rings and the deformation rings could be tested
just using these two invariants. In particular | could provide the inductive ar-
gument of section 3 of Chapter 2 to show that if all liftings with restricted
rami cation are modular then all liftings are modular. This | had been trying
to do for a long time but without success until the breakthrough in commuta-
tive algebra. Secondly, by means of a calculation of Hida summarized in [Hi2]
the main problem could be transformed into a problem about class numbers
of a type well-known in lwasawa theory. In particular, |1 could check this in
the ordinary CM case using the recent theorems of Rubin and Kolyvagin. This
is the content of Chapter 4. Thirdly, it meant that for the rst time it could
be veri ed that in nitely many | -invariants were modular. Finally, it meant
that | could focus on the minimal level where the estimates given by me earlier
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Galois cohomology calculations looked more promising. Here | was also using
the work of Ribet and others on Serre's conjecture (the same work of Ribet
that had linked Fermat's Last Theorem to modular forms in the rst place) to
know that there was a minimal level.

The class number problem was of a type well-known in lwasawa theory
and in the ordinary case had already been conjectured by Coates and Schmidt.
However, the traditional methods of lwasawa theory did not seem quite suf-
cient in this case and, as explained earlier, when translated into the ring-
theoretic language seemed to require unknown principles of base change. So
instead | developed further the idea of using auxiliary primes to replace the
change of eld that is used in Iwasawa theory. The Galois cohomology esti-
mates described in Chapter 3 were now much stronger, although at that time
| was still using primes q 1 mod p for the argument. The main di culty
was that although | knew how the -invariant changed as one passed to an
auxiliary level from the results of Chapter 2, | did not know how to estimate
the change in the p=p?-invariant precisely. However, the method did give the
right bound for the generalised class group, or Selmer group as it often called
in this context, under the additional assumption that the minimal Hecke ring
was a complete intersection.

| had earlier realized that ideally what | needed in this method of auxiliary
primes was a replacement for the power series ring construction one obtains in
the more natural approach based on Iwasawa theory. In this more usual setting,
the projective limit of the Hecke rings for the varying elds in a cyclotomic
tower would be expected to be a power series ring, at least if one assumed
the vanishing of the -invariant. However, in the setting with auxiliary primes
where one would change the level but not the eld, the natural limiting process
did not appear to be helpful, with the exception of the closely related and very
important construction of Hida [Hil]. This method of Hida often gave one step
towards a power series ring in the ordinary case. There were also tenuous hints
of a patching argument in Iwasawa theory ([Scho], [Wi4,x10]), but | searched
without success for the key.

Then, in August, 1991, | learned of a new construction of Flach [FI] and
quickly became convinced that an extension of his method was more plausi-
ble. Flach's approach seemed to be the rst step towards the construction of
an Euler system, an approach which would give the precise upper bound for
the size of the Selmer group if it could be completed. By the fall of 1992, |
believed | had achieved this and begun then to consider the remaining case
where the mod 3 representation was assumed reducible. For several months |
tried simply to repeat the methods using deformation rings and Hecke rings.
Then unexpectedly in May 1993, on reading of a construction of twisted forms
of modular curves in a paper of Mazur [Ma3], | made a crucial and surprising
breakthrough: | found the argument using families of elliptic curves with a
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common 5 which is given in Chapter 5. Believing now that the proof was
complete, | sketched the whole theory in three lectures in Cambridge, England
on June 21-23. However, it became clear to me in the fall of 1993 that the con-
struction of the Euler system used to extend Flach's method was incomplete
and possibly awed.

Chapter 3 follows the original approach | had taken to the problem of
bounding the Selmer group but had abandoned on learning of Flach's paper.
Darmon encouraged me in February, 1994, to explain the reduction to the com-
plete intersection property, as it gave a quick way to exhibit in nite families
of modular j-invariants. In presenting it in a lecture at Princeton, | made,
almost unconsciously, critical switch to the special primes used in Chapter 3
as auxiliary primes. | had only observed the existence and importance of these
primes in the fall of 1992 while trying to extend Flach's work. Previously, | had
only used primesq 1 mod p as auxiliary primes. In hindsight this change
was crucial because of a development due to de Shalit. As explained before, |
had realized earlier that Hida's theory often provided one step towards a power
series ring at least in the ordinary case. At the Cambridge conference de Shalit
had explained to me that for primesq 1 mod p he had obtained a version of
Hida's results. But excerpt for explaining the complete intersection argument
in the lecture at Princeton, | still did not give any thought to my initial ap-
proach, which | had put aside since the summer of 1991, since | continued to
believe that the Euler system approach was the correct one.

Meanwhile in January, 1994, R. Taylor had joined me in the attempt to
repair the Euler system argument. Then in the spring of 1994, frustrated in
the e orts to repair the Euler system argument, | begun to work with Taylor
on an attempt to devise a new argument usingp = 2: The attempt to use p = 2
reached an impasse at the end of August. As Taylor was still not convinced that
the Euler system argument was irreparable, | decided in September to take one
last look at my attempt to generalise Flach, if only to formulate more precisely
the obstruction. In doing this | came suddenly to a marvelous revelation: |
saw in a ash on September 19th, 1994, that de Shalit's theory, if generalised,
could be used together with duality to glue the Hecke rings at suitable auxiliary
levels into a power series ring. | had unexpectedly found the missing key to my
old abandoned approach. It was the old idea of pickingy's with ¢  1mod p"
andn;!1 asi!l thatl used to achieve the limiting process. The switch
to the special primes of Chapter 3 had made all this possible.

After | communicated the argument to Taylor, we spent the next few days
making sure of the details. the full argument, together with the deduction of
the complete intersection property, is given in [TW].

In conclusion the key breakthrough in the proof had been the realization
in the spring of 1991 that the two invariants introduced in the appendix could
be used to relate the deformation rings and the Hecke rings. In e ect the -
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invariant could be used to count Galois representations. The last step after the
June, 1993, announcement, though elusive, was but the conclusion of a long
process whose purpose was to replace, in the ring-theoretic setting, the methods
based on Iwasawa theory by methods based on the use of auxiliary primes.

One improvement that | have not included but which might be used to
simplify some of Chapter 2 is the observation of Lenstra that the criterion for
Gorenstein rings to be complete intersections can be extended to more general
rings which are nite and free as Z,-modules. Faltings has pointed out an
improvement, also not included, which simpli es the argument in Chapter 3
and [TW]. This is however explained in the appendix to [TW].

Itis a pleasure to thank those who read carefully a rst draft of some of this
paper after the Cambridge conference and particularly N. Katz who patiently
answered many questions in the course of my work on Euler systems, and
together with Illusie read critically the Euler system argument. Their questions
led to my discovery of the problem with it. Katz also listened critically to my
rst attempts to correct it in the fall of 1993. | am grateful also to Taylor for
his assistance in analyzing in depth the Euler system argument. | am indebted
to F. Diamond for his generous assistance in the preparation of the nal version
of this paper. In addition to his many valuable suggestions, several others also
made helpful comments and suggestions especially Conrad, de Shalit, Faltings,
Ribet, Rubin, Skinner and Taylor.| am most grateful to H. Darmon for his
encouragement to reconsider my old argument. Although I paid no heed to his
advice at the time, it surely left its mark.
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Chapter 1

This chapter is devoted to the study of certain Galois representations.
In the rst section we introduce and study Mazur's deformation theory and
discuss various re nements of it. These re nements will be needed later to
make precise the correspondence between the universal deformation rings and
the Hecke rings in Chapter 2. The main results needed are Proposition 1.2
which is used to interpret various generalized cotangent spaces as Selmer groups
and (1.7) which later will be used to study them. At the end of the section we
relate these Selmer groups to ones used in the Bloch-Kato conjecture, but this
connection is not needed for the proofs of our main results.

In the second section we extract from the results of Poitou and Tate on
Galois cohomology certain general relations between Selmer groups as varies,
as well as between Selmer groups and their duals. The most important obser-
vation of the third section is Lemma 1.10(i) which guarantees the existence of
the special primes used in Chapter 3 and [TW].

1. Deformations of Galois representations

Let p be an odd prime. Let be a nite set of primes including p and
let Q be the maximal extension of Q unramied outside this set and 1 .
Throughout we x an embedding of Q, and so also ofQ , in C. We will also
x a choice of decomposition groupDy for all primes qin Z. Suppose thatk
is a nite eld characteristic p and that

(1:1) 0:Gal(Q =Q)! GL(k)

is an irreducible representation. In contrast to the introduction we will assume
in the rest of the paper that o comes with its eld of de nition k. Suppose
further that det ¢ is odd. In particular this implies that the smallest eld of
de nition for ¢ is given by the eld ko generated by the traces but we will not
assume thatk = kp. It also implies that ¢ is absolutely irreducible. We con-
sider the deformation [ ] to GL,(A) of ¢ in the sense of Mazur [Mal]. Thus
if W (k) is the ring of Witt vectors of k;A is to be a complete Noeterian local
W (k)-algebra with residue eld k and maximal ideal m; and a deformation [ ]
is just a strict equivalence class of homomorphisms : Gal(Q =Q)! GL»(A)
suchthat mod m = g; two such homomorphisms being called strictly equiv-
alent if one can be brought to the other by conjugation by an element of
ker : GLy(A) ! GLa(k): We often simply write  instead of [] for the
equivalent class.
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We will restrict our choice of  further by assuming that either:

() o is ordinary; viz., the restriction of o to the decomposition groupD,
has (for a suitable choice of basis) the form

(1:2) o, o,

where ;1 and , are homomorphisms fromD, to k with > unrami ed.

Moreover we require that ; 6 ,. We do allow here that ojp, be
semisimple. (If 1 and , are both unramied and ojp, is semisimple
then we x our choices of ; and , once and for all.)

(i) o is at at p but not ordinary (cf. [Sel] where the terminology nite is
used); viz., ojp, is the representation associated to a nite at group
scheme oveiZ, but is not ordinary in the sense of (i). (In general when we
refer to the at case we will mean that o is assumed not to be ordinary
unless we specify otherwise.) We will assume also that debj;, = !
where |, is an inertia group at p and ! is the Teichmuller character
giving the action on p roots of unity.

In case (ii) it follows from results of Raynaud that ojp, is absolutely
irreducible and one can describe oj;, explicitly. For extending a Jordan-Helder
series for the representation space (as alp-module) to one for nite at group
schemes (cf. [Ray 1]) we observe rst that the trivial character does not occur on
a subquotient, as otherwise (using the classi cation of Oort-Tate or Raynaud)
the group scheme would be ordinary. So we nd by Raynaud's results, that

oliy ) k' > where ; and », are the two fundamental characters of

degree 2 (cf. Corollary 3.4.4 of [Rayl]). Since ; and , do not extend to
characters of GalQp=Qp); ojo, Must be absolutely irreducible.

We sometimes wish to make one of the following restrictions on the
deformations we allow:

() (@) Selmer deformations. In this case we assume that  is ordinary, with no-
tion as above, and that the deformation has a representative
cGal(Q =Q)! GLy(A) with the property that (for a suitable choice
of basis)
: ~1
Ip, 0 -
with ~» unramied, ~ > mod m, and det j.p =" 1, 5 where
" is the cyclotomic character,” : Gal(Q =Q) ! Z,; giving the action
on all p-power roots of unity, ! is of order prime to p satisfying ! "
mod p; and ; and , are the characters of (i) viewed as taking values in
k I A:
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() (b) Ordinary deformations. The same as in (i)(a) but with no condition on
the determinant.

(i) (c) Strict deformations. This is a variant on (i) (a) which we only use when
ojp, IS not semisimple and not at (i.e. not associated to a nite at

group scheme). We also assume that; , 1 =1 in this case. Then a
strict deformation is as in (i)(a) except that we assume in addition that
(~1:~2)ij — ",

(i) Flat (at p) deformations. We assume that each deformation to GL,(A)
has the property that for any quotient A=a of nite order jp, moda
is the Galois representation associated to theQ,-points of a nite at
group scheme ovelZ:

In each of these four cases, as well as in the unrestricted case (in which we
impose no local restriction atp) one can verify that Mazur's use of Schlessinger's
criteria [Sch] proves the existence of a universal deformation

:Gal(Q =Q)! GLy(R):

In the ordinary and restricted case this was proved by Mazur and in the
at case by Ramakrishna [Ram]. The other cases require minor modi cations
of Mazur's argument. We denote the universal ringR in the unrestricted
case andRse; R RS : R in the other four cases. We often omit the if the
context makes it clear.

There are certain generalizations to all of the above which we will also
need. The rstis that instead of considering W (k)-algebrasA we may consider
O-algebras forO the ring of integers of any local eld with residue eld k. If
we need to record whichO we are using we will write R .o etc. It is easy to
see that the natural local map of localO-algebras

R.o! R o)
W (k)

is an isomorphism because for functorial reasons the map has a natural section
which induces an isomorphism on Zariski tangent spaces at closed points, and
one can then use Nakayama's lemma. Note, however, hat if we change the
residue eld via i ;] k°then we have a new deformation problem associated
to the representation 3 = i o There is again a natural map of W (k9-
algebras

RCH! R WK

W (k)

which is an isomorphism on Zariski tangent spaces. One can check that this
is again an isomorphism by considering the subrind?; of R( ) de ned as the
subring of all elements whose reduction modulo the maximal ideal lies irk.
SinceR( J) is a nite R;-module, R; is also a complete local Noetherian ring
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with residue eld k. The universal representation associated to § is de ned

over R; and the universal property of R then denes amapR ! R;: So we

obtain a section to the mapR( J) ! R W (k9 and the map is therefore
W (k)

an isomorphism. (I am grateful to Faltings for this observation.) We will also
need to extend the consideration ofO-algebras tp the restricted cases. In each
case we can requireA to be an O-algebra and again it is easy to see that

R o' R O in each case.
’ W (k)

The second generalization concerns primeg 6 p which are ramied in .
We distinguish three special cases (types (A) and (C) need not be disjoint):

(A) oo, =( * ) for asuitable choice of basis, with 1 and , unrami ed,

1 9 1=1 andthe xed space ofl4 of dimension 1,

(B) oii, =( &2); ¢61; for a suitable choice of basis,
(C) HY(Qq; W ) =0 where W is as de ned in (1.6).

Then in each case we can de ne a suitable deformation theory by imposing
additional restrictions on those we have already considered, namely:

(A) b, =(* 2) for a suitable choice of basis ofA? with ; and 5 un-
ramiedand ; ,'=";

B) h,=(4 (1’) for a suitable choice of basis (4 of order prime to p, so the
samecharacter as above);

(C) det j, =det oj,; i.e., of order prime to p:

Thus if M is a set of primes in distinct from p and each satisfying one of
(A), (B) or (C) for ¢, we will impose the corresponding restriction at each
prime in M .

Thus to each set of dataD = f ; ;O;Mg where is Se, str, ord, at or
unrestricted, we can associate a deformation theory to o provided

(1:3) 0:Gal(Q =Q)! GLy(k)

is itself of type D and O is the ring of integers of a totally rami ed extension
of W(K); o is ordinary if is Se or ord, strict if is strict and at if s
(meaning at); o is of type M, i.e., of type (A), (B) or (C) at each rami ed
primes g6 p;q2 M : We allow di erent types at dierent ds. We will refer
to these as the standard deformation theories and writeRp for the universal
ring associated toD and p for the universal deformation (or even if D is
clear from the context).

We note here that if D = (ord; ;O;M) and D° = (Se; ;O;M) then
there is a simple relation betweenRp and Rpo: Indeed there is a natural map
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Rp ! Rpo by the universal property of Rp, and its kernel is a principal ideal
generated byT =" 1( )det () 1where 2 Gal(Q =Q) is any element
whose restriction to Gal(Q1 =Q) is a generator (whereQ; is the Z,-extension
of Q) and whose restriction to Gal(Q( n,)=Q) is trivial for any N prime to p
with n 2 Q ; n being a primitive N root of 1:

(1:4) Rp=T' RY:

It turns out that under the hypothesis that ¢ is strict, i.e. that ojp,
IS not associated to a nite at group scheme, the deformation problems in
()(a) and (i)(c) are the same; i.e., every Selmer deformation is already a strict
deformation. This was observed by Diamond. the argument is local, so the
decomposition groupD, could be replaced by GalQ,=Q):

Proposition 1.1  (Diamond). Suppose that : D, ! GL>(A) is a con-
tinuous representation whereA is an Artinian local ring with residue eld k, a
nite eld of characteristic p: Suppose ( (1)" 2) with ; and 5 unramied
and ; 6 ,. Then the residual representation is associated to a nite at
group scheme ovelZ,.

Proof (taken from [Dia, Prop. 6.1]). We may replace by , 1 and
welet' = ; ,':Then = (', })determines a cocycle:Dy! M (1) where
M is a free A-module of rank one on whichD, acts via' . Let u denote the
cohomology class inH(Dp; M (1)) de ned by t, and let up denote its image
in H(Dp; Mo(1)) where Mg = M=mM: Let G =ker' and let F be the xed
eld of G (soF is a nite unrami ed extension of Q,). Choosen so that p"A
= 0: SinceH?(G; » ! H?(G; ps) is injective for r s; we see that the
natural map of A[Dp=G]-modulesH*(G; ,» 2z, M) ! H(G;M (1)) is an
isomorphism. By Kummer theory, we haveH 1(G;M (1)) = F =(F )P" z, M
as Dp-modules. Now consider the commutative diagram

HYGIM@)® ! (F =(F )% z,M)%1  MP»
2 2 ?
2 2 2
? ? ?
y y y
H1(G;Mo(1)) ! (F =(F )") r, Mo ! Mo
where the right-hand horizontal maps are induced byv, : F ! Z:If ' 61;

then MP»  mM; so that the element resuy of H1(G; Mo(1)) is in the image
of (O =(Or)P) F, Mo: But this means that is \peu ramie" in the sense of
[Se] and therefore comes from a nite at group scheme. (See [E1, (8.20].)

Remark. Diamond also observes that essentially the same proof shows
that if : Gal(Qq=Qq) ! GL2(A); where A is a complete local Noetherian
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ring with residue eld k, has the form j, = (é ,) with  ramied then is
of type (A).

Globally, Proposition 1.1 says that if ¢ is strict and if D =(Se; ;0;M)
and D%=(str; ;O;M ) then the natural map Rp ! Rpo is an isomorphism.
In each case the tangent space dRp may be computed as in [Mal]. Let

be a uniformizer for O and let U ' k? be the representation space for :
(The motivation for the subscript  will become apparent later.) LetV be the
representation space of GalQ =Q) on Ad o =Homy(U ;U )" My(k): Then
there is an isomorphism ofk-vector spaces (cf. the proof of Prop. 1.2 below)

(1:5) Homy(mp=(m3; );k) ' H5(Q =Q;V)

where H3 (Q =Q;V ) is a subspace oH(Q =Q;V ) which we now describe
and mp is the maximal ideal of RcalD . It consists of the cohomology classes
which satisfy certain local restrictions at p and at the primes in M . We call
mp=(m3; ) the reduced cotangent space oRp.

We begin with p. First we may write (since p 6 2), as k[Gal(Q =Q)]-
modules,

2:6) V =W k; whereW = ff 2 Homg(U ;U ):tracef =0g
' (Sym? det 1) o

and k is the one-dimensional subspace of scalar multiplications. Then if o
is ordinary the action of D, on U induces a Itration of U and also onW
and V . Suppose we write these 0 U° U:;0 W° w! W and
0 V% V! V:Thus U%is dened by the requirement that D, act on it
via the character ; (cf. (1.2)) and on U =U° via ,. For W the ltrations
are de ned by

Wl

WO

ff 2w :f(U% U°%;
ff 2wW?l:f =0 on U%;

and the lItrations for V are obtained by replacingW by V. We note that
these ltrations are often characterized by the action of D,: Thus the action
of Dp on WP is via ;= ,; on W1=WPO it is trivial and on Q =W it is via

2= 1. These determine the ltration if either ;= ; is not quadratic or ojp,
is not semisimple. We de ne thek-vector spaces

vod = ff 2 v1:f =0 in Hom(U =U%U =U%g:

H3e(Qp;V ) =kerfH (Qp;V ) ! HYQY™;V =WOg;

Haa (Qp;V ) =kerfHH(Qp;V ) I HY(QR™;V =v°)g;

H& (Qp;V ) =kerfH (Qp;V ) ! HYQpW =W% HY(Q™;Kk)g:
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In the Selmer case we make an analogous de nition foH2,(Q,; W ) by
replacing V. by W , and similarly in the strict case. In the at case we use
the fact that there is a natural isomorphism of k-vector spaces

HY(Qp:V ) ! Extypp,j(U ;U)

where the extensions are computed in the category d-vector spaces with local
Galois action. Then H}(Qp;V ) is de ned as the k-subspace ofH(Qp;V )
which is the inverse image of Ext(G; G); the group of extensions in the cate-
gory of nite at commutative group schemes over Z,, killed by p; G being the
(unique) nite at group scheme over Z, associated toU . By [Ray1] all such
extensions in the inverse image even correspond tovector space schemes. For
more details and calculations see [Ram].

For g dierent from pand g2 M we have three cases (A), (B), (C). In
case (A) there is a ltration by Dq entirely analogous to the one forp. We
write this 0 W% w' W and we set

8
ker : HY(Qq;V
% I HY(QqW =W%9) HY(QU";k) in case (A)
Hl%q(Qq;V ) =
§ ker :HY(Qq; V)
' I HYQE™; V) in case (B) or (C):

Again we make an analogous de nition for Htl,q(Qq;W ) by replacing V
by W and deleting the last term in case (A). We now de ne the k-vector
spaceH} (Q =Q;V ) as

H5(Q =Q;V)=1f 2HYQ =Q;V): ¢2H}j (QqV )foral q2M ;
q2H1(Qp;V)g

where is Se, str, ord, or unrestricted according to the type of D. A similar
de nition applies to H3(Q =Q;W )if is Selmer or strict.

Now and for the rest of the section we are going to assume thaty arises
from the reduction of the -adic representation associated to an eigenform.
More precisely we assume that there is a normalized eigenform of weight 2
and level N, divisible only by the primes in , and that there ia a prime
of O; suchthat o= ¢ mod : HereOs is the ring of integers of the eld
generated by the Fourier coe cients of f so the elds of de nition of the two
representations need not be the same. However we assume thiat O ; =
and we x such an embedding so the comparison can be made ovér It will
be convenient moreover to assume that if we are consideringy as being of
type D then D is de ned using O-algebras whereO O . is an unramied
extension whose residue eld isk. (Although this condition is unnecessary, it
is convenient to use as the uniformizer for O.) Finally we assume that .
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itself is of type D. Again this is a slight abuse of terminology as we are really

considering the extension of scalarsy. O and not ¢ itself, but we will
O+.

do this without further mention if the context makes it clear. (The analysis of
this section actually applies to any characteristic zero lifting of ¢ but in all
our applications we will be in the more restrictive context we have described
here.)

With these hypotheses there is a unique local homomorphisniRp ! O
of O-algebras which takes the universal deformation to (the class of) : Let
pp =ker: Rp 'O : Let K be the eld of fractions of O and let Uy = (K=0)?
with the Galois action taken from ¢ . Similarly, let V; = Ad +. o K=0O"
(K=0)# with the adjoint representation so that

Vf ' Wf K=0

where W; has Galois action via Syn"r f: det f;l and the action on the
second factor is trivial. Then if ¢ is ordinary the ltration of U; under the
Ad action of D, induces one onWs which we write 0 W2  W}!  W;:
Often to simplify the notation we will drop the index f from Wl; Vs etc. There
is also a Itrationon W » = fker " :W; | W;ggivenbyW', = W "\ W
(compatible with our previous description for n = 1). Likewise we write V »
for fker " : Vs ! Vo

We now explain how to extend the de nition of H} to give meaning to
H3(Q =Q;V ) and H3(Q =Q;V) and these areO= " and O-modules, re-
spectively. In the case where ¢ is ordinary the de nitions are the same with
V. orV replacingV and O= " or K=0 replacing k. One checks easily that
as O-modules

(1:7) HS(Q =Q;Vn)' HF(Q =Q;V) n;

where as usual the subscript " denotes the kernel of multiplication by ".
This just uses the divisibility of H°(Q =Q;V) and H°(Qp; W=W?°) in the
strict case. In the Selmer case one checks that fan > n the kernel of

HYQU™;V n=Wo%) I HY(QU™;V n=W0)

has only the zero element xed under GalQ " =Qp) and the ord case is similar.
Checking conditions atq2 M is dome with similar arguments. In the Selmer
and strict cases we make analogous de nitions withw/ » in place of V » and
W in place of V and the analogue of (1.7) still holds.

We now consider the case whereg is at (but not ordinary). We claim
rst that there is a natural map of O-modules

(1:8) HY(QpV ,)! Extg[Dp](u miU )

for each m n where the extensions are ofO-modules with local Galois
action. To describe this suppose that 2 H(Qp;V »): Then we can asso-
ciate to a representation : Gal(Qp=Qp) ! GL2(On["]) (Where On["] =
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O["']1=( "";"?)) which is an O-algebra deformation of  (see the proof of Propo-
sition 1.1 below). Let E = O, ["]?> where the Galois action is via : Then there
iS an exact sequence

0O! "E=™ I E=M™ I (E=)=" 1 0
jo jo
Un Un

and hence an extension class in EX{(U = ;U »): One checks now that (1.8)
is a map of O-modules. We de ne H}(Qp;V ») to be the inverse image of
Ext'(U ;U ) under (1.8), i.e., those extensions which are already extensions
in the category of nite at group schemes Z,: Observe that Extl(U n;U n)\
Ext(lj[Dp](U n;U n) is an O-module, soH}(Qp;V ») is seen to be anO-sub-
module of H1(Qp; V ,): We observe that our de nition is equivalent to requir-
ing that the classes inH (Qp; V ») map under (1.8) to Ext(U n;U ») for all
m n: Forif e, is the extension class in Exf(U m;Un)thene, ] e Un
as Galois-modules and we can apply results of [Rayl] to see tha, comes
from a nite at group scheme over Z, if e, does.
In the at (non-ordinary) case o, is determined by Raynaud's results as

mentioned at the beginning of the chapter. It follows in particular that, since

ojp, is absolutely irreducible, V(Qp = H°(Qp;V) is divisible in this case
(infact V(Qp) ' KT=0): This H}(Qp;V n) ' H(Qp;V) » and hence we can
de ne

¢
Hfl(Qp;V): Hfl(Qp;V”);
n=1

and we claim that H}(Qp; V) » ' H(Qp;V »): To see this we have to compare
representations form n;

nm 1 Gal(Qp=Qp) ! GL2(On['= ™)
5
Yy’ mn

mm : Gal(Qp=Qp) ! GL2(Om["']= ™)

where ., and ,m are obtained from , 2 Hl(Qp;VX n)and im( ) 2
HY(Qp;Vm)and' mpn :a+b"! a+ ™ "b": By [Ram, Prop 1.1 and Lemma
2.1]if n.m comes froma nite atgroup scheme then so does n,.,, . Conversely
" mn ISinjective and so ., comes froma nite at group scheme if ., does;
cf. [Rayl]. The de nitions of H3(Q =Q;V ) and H3(Q =Q;V) now extend
to the at case and we note that (1.7) is also valid in the at case.

Still in the at (non-ordinary) case we can again use the determination
of oji, to see that H1(Qp;V) is divisible. For it is enough to check that
H2(Qp;V ) =0 and this follows by duality from the fact that H°(Qp;V ) =0
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where V. = Hom(V ; ) and , is the group of p™ roots of unity. (Again
this follows from the explicit form of oij .) Much subtler is the fact that

H}(Qp; V) is divisible. This result is essentially due to Ramakrishna. For,
using a local version of Proposition 1.1 below we have that

Homo (pr =p& ; K=0) ' Hfl(Qp? V)

where R is the universal local at deformation ring for ojp, and O-algebras.
(This exists by Theorem 1.1 of [Ram] becauseojp, is absolutely irreducible.)

SinceR ' R O where R is the corresponding ring for W (k)-algebras
W (k)

the main theorem of [Ram, Th. 4.2] shows thatR is a power series ring and
the divisibility of H{(Qp; V) then follows. We refer to [Ram] for more details
about R :

Next we need an analogue of (1.5) fo¥ . Again this is a variant of standard
results in deformation theory and is given (at least forD = (ord; ;W (K); )
with some restriction on 1; » ini(a)) in [MT, Prop 25].

Proposition 1.2. Suppose that ;. is a deformation of o of type
D=(; ;0;M) with O an unrami ed extension of O;. . Then as O-modules

Homo (Po =p5; K=0) ' Hp(Q =Q;V):

Remark. The isomorphism is functorial in an obvious way if one changes
D to a larger D

Proof. We will just describe the Selmer case withM = as the other
cases use similar arguments. Suppose that is a cocycle which represents a
cohomology class irH1,(Q =Q;V n): Let O,["] denote the ring O["]=( "";"?):
We can associate to a representation

cGal(Q =Q)! GL2(On["])

as follows: set (g)= (g) r (g)where ¢ (g); apriori in GL,(O), is viewed
in GL,(On["]) via the natural mapping O ! O ,[']: Here a basis forO?
is chosen so that the representation ¢, on the decomposition groupD,
Gal(Q =Q) has the upper triangular form of (i)(a), and then (g) 2 V n is
viewed in GL,(O,["]) by identifying

1+y" X"

V n 1 tll

. . = fker: GL2(On["]) ! GL2(O)g:

Then
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wi = L+yox
n - 1 yu L)
W o = 1+y" X"
"o z" 1 vy '
and
L 1y X
V4 = 1t

One checks readily that  is a continuous homomorphism and that the defor-
mation [ ] is unchanged if we add a coboundary to:

We need to check that [ ] is a Selmer deformation. LetH =
Gal(Qp=Qp™) and G = Gal( Qp" =Qy): Consider the exact sequence 0D[G-
modules

0! (VL=We)" 1 (v.=wo)H1 X1 0

where X is a submodule of ¥/ »=V%)H: Since the action of, on V »=V1, is
via a character which is nontrivial mod (itequals » ; mod and ;6 2);
we see thatX® = 0 and H1(G;X) = 0: Then we have an exact diagram of
O-modules

9

?
?

y
HY(G (VL :WOH)H)g' HL(G: (V =W )H)

7
?

y
H 1(Qp;\é n :WOH)

2
?2

y
HH(Qp™;V - =W5,)E:

By hypothesis the image of is zero in H*(Qp™;V »=W?% )®: Hence it
is in the image of H(G; (V1 =W©%)"): Thus we can assume that it is rep-
resented inH*(Qp;V »=W?%) by a cocycle, which mapsGto Vi =W ie.,
f(Dp) VL=WO;f(l,)=0:The dierence betweenf and the image of is
a coboundaryf 7! g for someu 2 V n: By subtracting the coboundary
f 7! u ugfrom globally we get a new suchthat = f as cocycles
mapping Gto V4 =W%: Thus (Dy) V&%; (Ip) WP anditis now easy
to check that [ ] is a Selmer deformation of .

Since [ ] is a Selmer deformation there is a unique map of locaD-
algebras' : Rp ! O j["] inducing it. (If M 6= we must check the
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other conditions also.) Since . mod" we see that restricting’ to pp
gives a homomorphism ofO-modules,

pp ! "O="

such that ' (pd) = 0: Thus we have de ned a map' : ! ;
' tH&(Q =Q;Vn)! Homo(pp=pp;0="):

It is straightforward to check that this is a map of O-modules. To check the

injectivity of ' suppose that' (pp)=0:Then' factorsthrough Rp=pp 'O

and being anO-algebra homomorphism this determines : Thus[ + ]=[ [

If A1 A= ¢ then A mod" is seen to be central by Schur's lemma and so

may be taken to bel . A simple calculation now shows that is a coboundary.
To see that' is surjective choose

2 Homo (pp =p3; 0= "):

Then :Gal(Q =Q)! GLa(Rp=(p3;ker)) is induced by a representative
of the universal deformation (chosen to equal . when reduced modpp ) and
we de ne a map :Gal(Q =Q)! Vn by

8
< 1+ pp=(pd;ker) po =(p3 ; ker )

@= (@« (9 *2, RV
" po=(pd:ker) 1+ pp=(p};ker) °

where 1. (g) is viewed in GL,(Rp=(p3; ker )) via the structural map O !
Rp (Rp being an O-algebra and the structural map being local because of
the existence of a section). The right-hand inclusion comes from

po=(pp;ker) ! O =" 1 (O=") "
1 7! "
Then is really seen to be a continuous cocycle whose cohomology class
lies in HE,(Q =Q;V .): Finally ' ()= : Moreover, the constructions are

compatible with change ofn, i.e.,forV.) V.a and :0="10 = "*l;

We now relate the local cohomology groups we have de ned to the theory
of Fontaine and in particular to the groups of Bloch-Kato [BK]. We will dis-
tinguish these by writing HZ for the cohomology groups of Bloch-Kato. None
of the results described in the rest of this section are used in the rest of the
paper. They serve only to relate the Selmer groups we have de ned (and later
compute) to the more standard versions. Using the lattice associated to;. we
obtain also a lattice T ' O 4 with Galois actionviaAd  :lLetV=T z, Qp
be associated vector space and identifyy with V=T: Let pr : V! V be
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the natural projection and de ne cohomology modules by

HE(Qp;V) =ker: HY(Qp;V) ! Hl(Qp;vQ Berys);

HE(Qp:V)=pr HE(QpV)  HYQp:V);
HE(QpVe)=(in) P HE(QpV)  HYQpVn);

wherej, : V. ! V is the natural map and the two groups in the de nition
of H} (Qp; V) are de ned using continuous cochains. Similar de nitions apply
to V. = Homq,(V;Qp(1)) and indeed to any nite-dimensional continuous
p-adic representation space. The reader is cautioned that the de nition of
H:(Qp;V n) is dependent on the lattice T (or equivalently on V). Under
certainly conditions Bloch and Kato show, using the theory of Fontaine and
Lafaille, that this is independent of the lattice (see [BK, Lemmas 4.4 and
4.5]). In any case we will consider in what follows a xed lattice associated to

= 1 ;Ad ; etc. Henceforth we will only use the notationH} (Qp; ) when
the underlying vector space is crystalline.

Proposition 1.3. (i) If o is at but ordinary and  is associated
to a p-divisible group then for alln

Hfl(Qp;V n) = Hé(Qp;V n):

(i) If ¢ isordinary, det . | = "and ¢ is associated to ap-divisible
group, then for all n, '

HE(Qp;V n)  Hg(QpiVn:

Proof. Beginning with (i), we dene H}(Qp;V) = f 2 HY(QpuV) :
(= ") 2 HYQp;V) for all ng where : HY(Qp;V) ! HY(Qp;V): Then
we see that in case (i),H{(Qp; V) is divisible. So it is enough to how that

HE (QpiV) = HH(QpiV):

We have to compare two constructions associated to a nonzero element of
H1(Qp;V): The rstis to associate an extension

(1:9) 0lV!I E! K! 0

of K -vector spaces with commuting continuous Galois action. If we x ane
with (e) = 1 the action on eis dened by e = e+ " ( ) with  a cocycle
representing . The second construction begins with the image of the subspace
h i in HY(Qp;V): By the analogue of Proposition 1.2 in the local case, there
is an O-module isomorphism

H(Qp;V) "' Homo (pr=pg;K=0)
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where R is the universal deformation ring of o viewed as a representation
of Gal(Qp=Q) on O-algebras andpr is the ideal of R corresponding to pp

(i.e., its inverse image inR). Since 6 0; associated toh i is a quotient
pr=(p%; @) of pr=p% which is a free O-module of rank one. We then obtain a
homomorphism

1 Gal(Qp=Qp) ! GL, R=(pk;a)

induced from the universal deformation (we pick a representation in the uni-
versal class). This is associated to af®-module of rank 4 which tensored with
K gives aK -vector spaceE?' (K )* which is an extension

(1:10) oltut E%U! o0

whereU ' K2 has the Galis representation ;. (viewed locally).

In the rst construction 2 HZ (Qy; V) if and only if the extension (1.9) is
crystalline, as the extension given in (1.9) is a sum of copies of the more usual
extension whereQ,, replacesK in (1.9). Onthe otherhandh i  H(Qp; V) if
and only if the second construction can be made througtR ; or equivalently if
and only if ECis the representation associated to g-divisible group. A priori ,
the representation associated to  only has the property that on all nite
quotients it comes from a nite at group scheme. However a theorem of
Raynaud [Rayl] says that then = comes from ap-divisible group. For more
details on R , the universal at deformation ring of the local representation

0, see [Ram].) Now the extensionE° comes from ap-divisible group if and
only if it is crystalline; cf. [Fo, x6]. So we have to show that (1.9) is crystalline
if and only if (1.10) is crystalline.

One obtains (1.10) from (1.9) as follows. We view/ as Honk (U; U) and
let

X =ker: fHomg (U;U) U !'Ug

where the map is the natural onef  w 7! f (w): (All tensor products in this
proof will be as K -vector spaces.) Then aK [Dy]-modules

EC" (E U )=X:

To check this, one calculates explicitly with the de nition of the action on E
(given above one) and on E° (given in the proof of Proposition 1.1). It follows
from standard properties of crystalline representations that if E is crystalline,
so isE U and alsoE% Conversely, we can recovelE from E° as follows.
ConsiderE® U ' (E U U )X U ): Then there is a natural map
" *E (det) ! E° U induced by the direct sum decompositionU U '

(det) Sym?U. Here det denotes a 1-dimensional vector space ovét with
Galois action via det . : Now we claim that ' is injective on V  (det): For
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iff 2V then' (f)=f (w1 wy, wy w;)wherew;;w, are a basis forU
for which wy * wp =1indet' K: Soif' (f)2 X U then
f(wy)) wy f(wp) wi=0inU U:

But this is false unlessf (w1) = f(w2) = 0 whencef = 0. So' is injective
onV detandif ' itself were not injective then E would split contradicting

6 0: So' is injective and we have exhibitedE (det) as a subrepresentation
of E¢ U which is crystalline. We deduce that E is crystalline if E®is. This
completes the proof of (i).

To prove (ii) we check rst that H3,(Qp;V n) = j, 1 H3.(Qp;V) (this

was already used in (1.7)). We next have to show thaH } (Q,;V)  H3.(Qp:V)
where the latter is de ned by

H3(QpiV) = ker: HI(QpiV) 1 HA(Q™:V=V0)

with V° the subspace ofV on which I, acts via ". But this follows from the
computations in Corollary 3.8.4 of [BK]. Finally we observe that

pr Hée(Qp;V) Hée(Qp;V)

although the inclusion may be strict, and

pr HE(Qp:V) = HE(QpV)
by de nition. This completes the proof.

These groups have the property that fors
(1:12) HY(QpiV)\ Jrst HE(QpiVs) = HE(QpV r)

wherej.s : V! Vs is the natural injection. The same holds forV . and
V  in place of V: and V s whereV , is de ned by

V. :Hom(Vr; pr)

and similarly for V ;: Both results are immediate from the de nition (and
indeed were part of the motivation for the de nition).

We also give a nite level version of a result of Bloch-Kato which is easily
deduced from the vector space version. As before I&f V be a Galois stable
lattice so that T 'O “: De ne

HE(QpT)=1i ' HE(Qp:V)

under the natural inclusion i : T ] V ; and likewise for the dual lattice T =
Homz, (V;(Qp=Z;,)(1)) in V . (Here V. = Hom(V;Q,(1)); throughout this
paper we useM to denote a dual of M with a Cartier twist.) Also write
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pr, : T ! T=" for the natural projection map, and for the mapping it
induces on cohomology.

Proposition 1.4. If + Is associated to ap-divisible group (the ordi-
nary case is allowegl then

(i) pr, HY(QpT) = H(Qp;T=") and similarly for T ;T = ":

(i) HE(Qp;V n) is the orthogonal complement ofHZ (Qp;V ») under Tate
local duality betweenH 1(Qp;V ») and H(Qp; V ) and similarly for W »
and W , replacingV » andV ,.

More generally these results hold for any crystalline representatiorv® in

place of V and °a uniformizer in K°®whereK ®is any nite extension of Q,
H 0 _ 0
with K EndGaI(Qp:Qp)V :

Proof. We rst observe that pr,(HZ(Qp;T)) HE(Qp;T="): Now
from the construction we may identify T=" with V »: A result of Bloch-
Kato ([BK, Prop. 3.8]) says that H}(Qp;V) and HZ (Qp;V ) are orthogonal
complements under Tate local duality. It follows formally that H} (Qp;V «)
and pr,(H2 (Qp; T)) are orthogonal complements, so to prove the proposition
it is enough to show that

(1:12) #HE(QpV o # HE(QpiV n) =# HY(QpiV n):

Now if r =dim g H}(Qp;V) and s=dimg H:(Qp;V ) then

(1:13) r+s=dimg H°(Qp; V) +dim x H°(Qp;V ) +dim « V:
From the de nition,

(1:14)  #HE(Qp;Va)=#( 0= ")" #kerfH'(Qp;Vn)! HY(Qp:V)g:

The second factor is equal to #V (Qp)= "V (Q,)g: When we write V(Qp)V
for the maximal divisible subgroup of V (Q,) this is the same as

#(V(Qp)=V(Qp)™)= " = #( V(Qp)=V(Qp)™)
=# V(Qp) »=H#( V(Qp)div) L
Combining this with (1.14) gives
(1:15)  #HE(QpVa)=# 0=")
#HO(Qp;V v )=H( O= M)Imx H(QpiV),
This, together with an analogous formula for #H2 (Qp;V ») and (1.13), gives

#HE(QpV W HEQpV ) = #( 0=")* #HOQpV n)#HOQp;V 1)
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As #H°(Qp;V M) =# H2(Qp;V n) the assertion of (1.12) now follows from
the formula for the Euler characteristic of V .

The proof for W n; or indeed more generally for any crystalline represen-
tation, is the same.

We also give a characterization of the orthogonal complements of
H3.(Qp;W n) and HE.(Qp;V »); under Tate's local duality. We write these
duals asHE, (Qp;W .) and HE, (Qp;V «) respectively. Let

"wiHYQpW a) ! (QpiW o =(W 1)9)

be the natural map where (W ,)' is the orthogonal complement of W, ' in
W ., and let X; be de ned as the image under the composite map

Xni =im: Z,=(Z,)" 0 ="1 HYQp m O =")
I HY(QpW 2 5(W 1))

where in the middle term ,» O = " is to be identi ed with ( W ,)=(W ,)O:
Similarly if we replace W , by V ., we let Y, be the image ofZ, =(Z, )P"
(0= ")2in HY(Qp; V » =W ,)°); and we replace , by the analogous map' :

Proposition 1.5.

Hée (QpsW ) =" wl(Xn;i )i
Hée (Qp;Va)=" vl(Yn;i ):

Proof. This can be checked by dualizing the sequence

0! H& (QpiW n)! HE(QuW )
I ker :fHN(Qp;W n=(W 1)) 1 HYQP™; W » (W n)°g;

whereHE (Qp;W n) =ker: HY{(Qp;W ) ! HY(Qp;W »=(W »)0): The rst
term is orthogonal to ker : HYX(Qp;W ) ! HL(Qp;W =W ,)1): By the
naturality of the cup product pairing with respect to quotients and subgroups
the claim then reduces to the well known fact that under the cup product
pairing

HY(Qp; ) HYQpZ=p")! Z=¢

the orthogonal complement of the unrami ed homomorphisms is the image
of the units Z, =(Z,)*" ! H(Qp; pn): The proof for V « is essentially the
same.
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2. Some computations of cohomology groups

We now make some comparisons of orders of cohomology groups using
the theorems of Poitou and Tate. We retain the notation and conventions of
Section 1 though it will be convenient to state the rst two propositions in a
more general context. Suppose that

Y Y
L= Lgq H1(Qq;X)
p2
is a subgroup, whereX is a nite module for Gal(Q =Q) of p-power order.

We de ne L to be the orthogonal complement ofL under the perfect pairing
(local Tate duality)

Y
Hl(Qq;X) Hl(Qq;X ) ! Qp=Zp
q2 q2
where X =Hom(X; , ):Let
Y
x tHYQ =Q;X)! H'(Qq; X)
q2

be the localization map and similarly x for X . Then we set
HEQ =Q:X)= M(L); H! (Q =Q;X )= (L ):

The following result was suggested by a result of Greenberg (cf. [Grel]) and
is a simple consequence of the theorems of Poitou and Tate. Recall that is
always assumed odd and thatp 2 .

Proposition 1.6.
Y
#HLQ =Q;X)=#H! (Q =Q;X )= h; hq
g2
where
hgy =# HO(Qq;X )=[H 1(Qq;X):Lq]
hy =#HOR:;X #HYQ; X)=#H°%Q:X ):

Proof. Adapting the exact sequence proof of Poitou and Tate(cf.[Mi2,Th.4.20])
we get a seven term exact sequence

01 HMQ ) I HNQ =) 1 T HAQeX)L,
q 2
o 'y’
2 H2(Qq; X) H2(Q =Q;X) HE (Q =Q;X )"
q

b HOQ =ix )t o
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whereM " = Hom(M; Q,=Z;): Now using local duality and global Euler char-
acteristics (cf. [Mi2, Cor. 2.3 and Th. 5.1]) we easily obtain the formula in the
proposition. We repeat that in the above proposition X can be arbitrary of
p-power order.

We wish to apply the proposition to investigate H,%: LetD=(; ;0;M)
be a standard deformation theory as in Section 1 and de ne a corresponding
group L, = Lp.y by setting

8
> HYQq: V) forgé pandq62 M
Lig = H5,(Qq;V ) forqé pandg2M

H:2(Qp;Vn) for q= p:
Then H3(Q =Q;V )= HL (Q =Q;V ) and we also de ne

H5 (Q =Q:V.)=H{ (Q =Q;V.):

We will adopt the convention implicit in the above that if we consider ©
then H3 (Q o=Q;V «) places no local restriction on the cohomology classes at
primesq2 © :Thusin H} (Q o=Q;V .) we will require (by duality) that
the cohomology class be locally trivial atq2 ° :

We need now some estimates for the local cohomology groups. First we
consider an arbitrary nite Gal( Q =Q)-module X:

Proposition 1.7. If g62, and X is an arbitrary nite Gal(Q =Q)-
module of p-power order,
#HE(Q [q=QiX)=#H(Q =Q;X)  #H%Qq;X )

whereL%= L- for *2 andLJ= HYQq;X).

Proof. Consider the short exact sequence of in ation-restriction:
0! HH(Q =Q;X)! Ho(Q [¢=Q;X)! Hom(Gal(Q [¢=Q );X)%(Q =)
2

3

l)
t)

y
H 1(anr - X )Gal( Qy" =Qa) | H 1(Q5m X )Gal( QU™ =Qq)

A SINININ]

The proposition follows when we note that
#HYQq:X ) = # HHQE" ;X )Gal(Qg™ =Qa):

Now we return to the study of V. » and W n:

Proposition 1.8. If g2M (g6 p) and X = V » thenhqy =1:
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Proof. This is a straightforward calculation. For example if q is of type
(A) then we have
Lng =kerfH'(Qq;V o) ! HY(QqW »=W%) HY(Q";0=")g:
Using the long exact sequence of cohomology associated to
0! Woh 1 wWa! W.=w%1 0

one obtains a formula for the order of Lyq in terms of #H*(Qq;W );
#H'(Qq W »=W?0,) etc. Using local Euler characteristics these are easily re-
duced to ones involvingH 0(Qq; W ) etc. and the result follows easily.

The calculation of h, is more delicate. We content ourselves with an
inequality in some cases.

Proposition 1.9. (i) If X = V » then
hphy =#( 0= )*"#H%(Qp;V +)=# H%(Q;V 1)

in the unrestricted case.
(i) If X = V. then

hpht  #( 0= )"#HO(Qp:; (VYY) )=# HO(Q;W .)

in the ordinary case.

(iiiy If X =V or Wa thenhpghy  #H%(Qp; (W) )=#H(Q;W ,)
in the Selmer case.

(iv) If X =V or W thenhpyh; =1 in the strict case.

(v) If X = V. thenhphy =1 inthe at case.

(vi)y If X = Vo or Wn then hphy = 1=#HOQ;V.) if Lnp =
H:(Qp;X) and  arises from an ordinary p-divisible group.

Proof. Case (i) is trivial. Consider then case (ii) with X = V ». We have
a long exact sequence of cohomology associated to the exact sequence:

(1:16) o Wl 1 Vval V.=Wo% 1 o
In particular this gives the map u in the diagram
H l(Qp; Vi)
3
U5
y &

11 Z= HYQp=Qpi(V n=WOoF) ! HYQpV -=W%) ! HIQE™V »=W0)C! 1

where G = Gal( Q," =Qp);H = Gal(Q,=Q;™) and is de ned to make the
triangle commute. Then writing h;j(M) for # H1(Q,; M) we have that #Z =
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ho(V »=W?%) and #im (#m u)=(# Z): A simple calculation using the
long exact sequence associated to (1.16) gives

hy(V 2 =W0, )ha(V ») |
ho (WO, )ho(V 2 =WC, )

(2:17) #im u =

Hence
[HY(Qp;V n):Lnpl=#im  #( 0= )*ho(V .)=ho(W%) :

The inequality in (iii) follows for X = V » and the caseX = W » is similar.
Case (ii) is similar. In case (iv) we just need #im u which is given by (1.17)
with W » replacingV n: In case (v) we have already observed in Section 1 that
Raynaud's results imply that # H°(Q,;V ) = 1 in the at case. Moreover
#H(Qp;V ) can be computed to be #(O= )" from

HH(QpiV )" HA(Qp; V) n ' Homo (pr=pg; K=0) -

whereR is the universal local at deformation ring of ( for O-algebras. Using

the relaton R ' R O where R is the corresponding ring for W (k)-
W (k)

algebras, and the main theorem of [Ram] (Theorem 4.2) which computeR ;
we can deduce the result.
We now prove (vi). From the de nitions

(# 0= ") #H%Qp;W n) if f jp, does not split

#HI(Qp: V)=
F(QpiVir) (# O= Ny if + jp, splits

wherer = dim H2(Qp;V): This we can compute using the calculations in
[BK, Cor. 3.8.4]. We nd that r = 2 in the non-split case andr = 3 in the
split case and (vi) follows easily.

3. Some results on subgroups of  GLy(k)

We now give two group-theoretic results which will not be used until
Chapter 3. Although these could be phrased in purely group-theoretic terms
it will be more convenient to continue to work in the setting of Section 1, i.e.,
with g asin (1.1) sothatim g is a subgroup of GLy(k) and det ¢ is assumed
odd.

Lemma 1.10. If im o has order divisible byp then:

(i) It contains an element o of orderm 3 with (m;p) =1 and g trivial
on any abelian quotient ofim .

(ii) It contains an element o( ) with any prescribed image in the Sylow
2-subgroup of(im o)=(im )° and with the ratio of the eigenvalues not equal
to! ( ). (Here (im )°denotes the derived subgroup afim o).)
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The same results hold if the image of the projective representatior, as-
sociated to ¢ is isomorphic to A4; S, or As.

Proof. (i) Let G =im ¢ and let Z denote the center of G. Then we
have a surjection G°! (G=2)° where the ° denotes the derived group. By
Dickson's classi cation of the subgroups of Gly(k) containing an element of
order p; (G=2) is isomorphic to PGL, (k% or PSL, (k9 for some nite eld k°of
characteristic p or possibly to As whenp = 3, cf. [Di, x260]. In each case we can
nd, and then lift to G® an element of orderm with (m;p)=1and m 3;
except possibly in the casep = 3 and PSL,(F3) ' A4 or PGL,(F3) ' Sy
However in these casesG=2)° has order divisible by 4 so the 2-Sylow subgroup
of G® has order greater than 2. Since it has at most one element of exact order
2 (the eigenvalues would both be 1 since it is in the kernel of the determinant
and hence the element would be 1) it must also have an element of order 4.

The argument in the A4; S4 and As cases is similar.

(if) Since ¢ is assumed absolutely irreducibleG =im o has no xed line.
We claim that the same then holds for the derived groupG° For otherwise
sinceG®/G we could obtain a second xed line by takinghgvi wherehvi is the
original xed line and g is a suitable element ofG. Thus G°would be contained
in the group of diagonal matrices for a suitable basis and it would be
central in which case G would be abelian or its normalizer in GLy(k), and
hence alsoG, would have order prime to p. Since neither of these possibilities
is allowed, G° has no xed line.

By Dickson's classi cation of the subgroups of GLy(k) containing an el-
ement of order p the image of im g in PGL (k) is isomorphic to PGL (k9
or PSL,(kY for some nite eld k° of characteristic p or possibly to As when
p = 3: The only one of these with a quotient group of orderp is PSL,(F3)
when p = 3. It follows that p - [G : G except in this one case which we treat
separately. So assuming now thatp - [G : GY we see thatG° contains a non-
trivial unipotent element u. Since G has no xed line there must be another
noncommuting unipotent element v in G% Pick a basis for gjgo consisting
of their xed vectors. Then let be an element of GalQ =Q) for which the
image of o( ) in G=G°is prescribed and let o( )=(2}). Then

_a b 1 s 1
- ¢ d 1 ro1
has det ()=det o( )andtrace =s (ra +c¢)+ br + a+ d: Sincep 3

we can choose this trace to avoid any two given values (by varying) unless
ra +c =0 forall r. But ra + c cannot be zero for allr as otherwise
a=c=0:Sowecan nd a for which the ratio of the eigenvalues is not
I'();det( ) being, of course, xed.
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Now suppose that im o does not have order divisible byp but that the
associated projective representationf o has image isomorphic toS, or As, so
necessarilyp 6 3: Pick an element such that the image of o( ) in G=Gis
any prescribed class. Since this xes both dety( ) and ! ( ) we have to show
that we can avoid at most two particular values of the trace for . To achieve
this we can adapt our rst choice of by multiplying by any element og G° So
pick 2 G%as in (i) which we can assume in these two cases has order 3. Pick
a basis for ¢, by expending scalars if necessary, so that 7! ( .): Then one
checks easily that if o( )= (‘Z‘g) we cannot have the traces of all of ; and

2 lying in a set of the form f tg unlessa = d = 0. However we can ensure
that o( ) does not satisfy this by rst multiplying by a suitable element of
G%since G is not contained in the diagonal matrices (it is not abelian).

In the A4 case, and in the PSlx(F3) ' A4 case whenp = 3; we use a
di erent argument. In both cases we nd that the 2-Sylow subgroup of G=G°
is generated by an element in the centre of G. Either a power of z is a suitable
candidate for o( ) or else we must multiply the power of z by an element of
GO the ratio of whose eigenvalues is not equal to 1. Such an element exists
because inG° the only possible elements without this property aref 1g (such
elements necessary have determinant 1 and order prime tp) and we know
that # G°> 2 as was noted in the proof of part (i).

Remark. By a well-known result on the nite subgroups of PGL»(Fp) this
lemma covers all ¢ whose images are absolutely irreducible and for which o
is not dihedral.

Let K; be the splitting eld of . Then we can viewW and W as
Gal(K1( p)=Q)-modules. We need to analyze their cohomology. Recall that
we are assuming that o is absolutely irreducible. Let f o be the associated
projective representation to PGL,(k):

The following proposition is based on the computations in [CPS].

Proposition 1.11.  Suppose that ¢ is absolutely irreducible. Then

HY(K1( p)=Q;W )=0:

Proof. If the image of ¢ has order prime to p the lemma is trivial. The
subgroups of GLy(k) containing an element of orderp which are not contained
in a Borel subgroup have been classi ed by Dickson [Dix260] or [Hu, 11.8.27].
Their images inside PGLy (k% where k° is the quadratic extension of k are
conjugate to PGL,(F) or PSL,(F) for some subeld F of k% or they are
isomorphic to one of the exceptional groupsAy; Ss; As.

Assume then that the cohomology groupH (K 1( ,)=Q;W ) 6 0: Then
by considering the in ation-restriction sequence with respect to the normal
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subgroup Gal(K 1( p)=K1) we see that , 2 K1: Next, since the representation
is (absolutely) irreducible, the center Z of Gal(K1=Q) is contained in the
diagonal matrices and so acts trivially onW . So by considering the in ation-
restriction sequence with respect toZ we see thatZ acts trivially on , (and
on W ): So Gal@Q( p)=Q) is a quotient of Gal(K1=Q)=Z: This rules out all
cases wherp 6 3; and whenp = 3 we only have to consider the case where the
image of the projective representation is isomporphic as a group to PG(F)
for some nite eld of characteristic 3. (Note that S;' PGL2(F3):)

Extending scalars commutes with formation of duals andH !, so we may
assume without loss of generalityF k. If p=3and #F > 3 then
HY(PSL,(F);W ) = 0 by results of [CPS]. Then if fo is the projective
representation associated to o suppose thatg *im fog = PGL »(F) and let
H = gPSL,(F)g *: ThenW ' W overH and

(1:18) Hi(H;W )F F' H(g 'Hg;g Y(W i F))=0:

We deduce also thatH*(im ;W )=0:

Finally we consider the case wheré- = F3. | am grateful to Taylor for the
following argument. First we consider the action of PSLy(F3) on W explicitly
by considering the conjugation action on matricesf A 2 M,(F3) : trace A =0g:
One sees that no such matrix is xed by all the elements of order 2, whence

HY(PSLo(F3);W ) HY(Z=3;(W ) ©?)=0

whereC, C, denotes the normal subgroup of order 4 in PSg(F3) ' Aj4: Next
we verify that there is a unique copy of A4 in PGL,(F3) up to conjugation.
For suppose thatA;B 2 GL,(F3) are such that A2 = B2 = | with the images
of A; B representing distinct nontrivial commuting elements of PGL,(F3): We
can chooseA = (cl) (1’) by a suitable choice of basis, i.e., by a suitable conju-
gation. Then B is diagonal or antidiagonal as it commutes with A up to a
scalar, and asB; A are distinct in PGL »(F3) we haveB = (2 g 1) for some
a. By conjugating by a diagonal matrix (which does not changeA) we can
assume thata = 1. The group generated by fA;B g in PGL,(F3) is its own
centralizer so it has index at most 6 in its normalizerN . SinceN=MA;Bi' Sj
there is a unique subgroup ofN in which hA;Bi has index 3 whence the image
of the embedding ofA4 in PGL»(F3) is indeed unique (up to conjugation). So
arguing as in (1.18) by extending scalars we see thatl 1(im ;W ) =0 when
F = F5 also.

The following lemma was pointed out to me by Taylor. It permits most
dihedral cases to be covered by the methods of Chapter 3 and [TW].

Lemma 1.12. Suppose that o is absolutely irreducible and that

(a) ~o is dihedral (the case where the image iZ=2 Z=2 is allowed,



MODULAR ELLIPTIC CURVES AND FERMAT'S LAST THEOREM 479
. . . . p ﬁ
(b) oj. is absolutely irreducible wherel = Q = ( 1)(P D=2p |

Then for any positive integer n and any irreducible Galois stable subspack
of W  k there exists an element 2 Gal(Q=Q) such that

(i) ~o( ) 61;
(i) xes Q( pn);
(i)  has an eigenvaluel on X.

Proof. If ~¢ is dihedral then o k =Ind ﬁ for someH of index 2 in G,
where G = Gal( K1=Q): (As before, K, is the splitting eld of ,.) Here H
can be taken as the full inverse image of any of the normal subgroups of index
2 de ning the dihedral group. Then W k' Indﬁ (= 9 where is the
quadratic character G! G=H and Cis the conjugate of by any element of
G H. Notethat 6 OsinceH has nontrivial image in PGL,(k):

To nda suchthat ( ) =1 and conditions (i) and (ii) hold, observe
that M ( o) is abelian where M is the quadratic eld associated to . So
conditions (i) and (ii) can be satis ed if ~g is non-abelian. If v is abelian (i.e.,
the image has the formZ=2 Z=2); then we use hypothesis (b). If In; (= 9
is irreducible overk then W  k is a sum of three distinct quadratic characters,
none of which is the quadratic character associated td., and we can repeat
the argument by changing the choice ofH for the other two characters. If
X =Ind5(= 9 kis absolutely irreducible then pick any 2 G H: This
satis es (i) and can be made to satisfy (ii) if (b) holds. Finally, since 2 G H
we see that has trace zero and 2 = 1 in its action on X. Thus it has an
eigenvalue equal to 1.

Chapter 2

In this chapter we study the Hecke rings. In the rst section we recall
some of the well-known properties of these rings and especially the Goren-
stein property whose proof is rather technical, depending on a characteristic
p version of the g-expansion principle. In the second section we compute the
relations between the Hecke rings as the level is augmented. The purpose is to
nd the change in the -invariant as the level increases.

In the third section we state the conjecture relating the deformation rings
of Chapter 1 and the Hecke rings. Finally we end with the critical step of
showing that if the conjecture is true at a minimal level then it is true at
all levels. By the results of the appendix the conjecture is equivalent to the
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equality of the -invariant for the Hecke rings and the p=p?-invariant for the
deformation rings. In Chapter 2, Section 2, we compute the change in the

-invariant and in Chapter 1, Section 1, we estimated the change in thep=p?-
invariant.

1. The Gorenstein property

For any positive integer N let X1(N) = X1(N)-q be the modular curve
over Q corresponding to the group :(N) and let J;(N) be its Jacobian. Let
T1(N) be the ring of endomorphisms ofJ;(N) which is generated overZ by
the standard Hecke operatorsf T; = T; for | -N;Uq = Uy for giN; hai = hai
for (a;N) = 1g: For precise de nitions of these see [MW1, Ch. 25]. In
particular if one identi es the cotangent space of J:(N)(C) with the space of
cusp forms of weight 2 on 1(N) then the action induced by T ;(N) is the usual
one on cusp forms. We let = fhai : (a;N)=1g.

The group (Z=NZ) acts naturally on X31(N) via and for any sub-
groupH  (Z=NZ) we let X4 (N) = Xy (N)=q be the quotient X1(N)=H.
Thus for H = (Z=NZ) we haveXy (N) = Xo(N) corresponding to the group

o(N). In Section 2 it wilbsometimes be conve@ient to assume thatH decom-
poses as a producH = = Hqin (Z=NZ) ' (Z=d Z) where the product
is over the distinct prime powers dividing N. We let J4 (N) denote the Ja-
cobian of X (N) and note that the above Hecke operators act naturally on
Ju (N) also. The ring generated by these Hecke operators is denotetly (N)
and sometimes, ifH and N are clear from the context, we addreviate this
toT.

Let p be a prime 3. Let m be a maximal ideal of T = Ty (N) with
p 2 m. Then associated tom there is a continuous odd semisimple Galois
representation n,,

(2:1) m - Gal(Q=Q) ! GL,(T=m)
unrami ed outside Np which satis es
trace n(Frob g) = T4; det ,(Frob g) = hgiq

for each prime g - Np: Here Frob g denotes a Frobenius atq in Gal(Q=Q).
The representation p, is unique up to isomorphism. Ifp- N (resp. pjN) we
say that mis ordinary if T, 2 m (resp. U, 2 m). This implies (cf., for example,
theorem 2 of [Wil]) that for our xed decomposition group D, at p,

for a suitable choic of basis, with , unramied and ,(Frob p) = T, mod
m (resp. equal toUp). In particular , is ordinary in the sense of Chapter 1
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provided 16 5. We will say that mis D,-distinguished if m is ordinary and
16 2. (Inpractice ; is usually ramied so this imposes no extra condition.)
We caution the reader that if , is ordinary in the sense of Chapter 1 then we
can only conclude that m is D -distinguished if p- N.
Let T, denote the completion of T at m so that T , is a direct factor of
the complete semi-local ringT , = T Z,: Let D be the points of the associated
m-divisible group

D=Ju(N)Q)m ' In(N)Q)p T

p

It is known that D = Homzp(D;Qp:Zp) is a rank 2 T ,-module, i.e., that
D Qp' (Tm_  Qp)? Briey it is enough to show that H1(Xy (N);C) is
Zp z

P
free of rank 2 overT C and this reduces to showing thatS,( 4 (N);C);
the space of cusp forms of weight 2 on y (N), is free of rank 1 overT  C.

f = fi(diz) is a basis vector ofS,( H(N);C)asaT C-module.

If mis ordinary then Theorem 2 of [Wil], itself a straightforward gener-
alization of Proposition 2 and (11) of [MW2], shows that (for our xed de-
composition group D) there is a lItration of D by Pontrjagin duals of rank 1
T m-modules (in the sense explained above)

(2:2) o!'D °1D!ID E1 0

where D? is stable underD, and the induced action onDE is unrami ed with
Frob p= U, on it if pjN and Frob p equal to the unit root of x> T,x + phpi
=0in Ty if p-N. We can describeD® and DE as follows. Pick a 2
I, which induces a generator of GalQp( np: )=Qp( np)): Let " : Dy ! Z,
be the cyclotomic character. ThenD? = ker( "( )9, the kernel being
taken inside D and "div' meaning the maximal divisible subgroup. Although
in [Wil] this ltration is given only for a factor A; of Ji(N) it is easy to
deduce the result for Jy (N) itself. We note that this Itration is de ned
without reference to characteristic p and also that if m is D ,-distinguished, D°
(resp. DE) can be described as the maximal submodule on which  ~(( )
is topologically nilpotent for all 2 Gal(ﬁp:Qp) (resp. quotient on which

~( ) is topologically nilpotent for all 2 Gal(Q,=Qy)), where ~( ) is
any lifting of () to Tp.

The Weil pairing h; i on Jy (N)(Q)pM satis es the relation ht x;yi =
hx;t yi for any Hecke operatort. It is more convenient to use an adapted
pairing de ned as follows. Let w , for a primitve N root of 1, be the
involution of X 1(N)-q( ) de ned in [MW1, p. 235]. This induces an involution
of Xy (N)=g( ) also. Then we can de ne a new pairing [ , ] by setting (for a
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xed choice of )
(2:3) X y]= hw yi:

Then [t x;y] = [x;t y] for all Hecke operatorst. In particular we obtain an
induced pairing on Dy .

The following theorem is the crucial result of this section. It was rst
proved by Mazur in the case of prime level [Ma2]. It has since been generalized
in [Til], [Ri1] [M Ri], [Gro] and [E1], but the fundamental argument remains
that of [Ma2]. For a summary see [E1,x9]. However some of the cases we need
are not covered in these accounts and we will present these here.

Theorem 2.1. (i) If p-N and , is irreducible then

In (N)(Q)Im] " (T=m)*:

(i) If p-N and n is irreducible and m is D,-distinguished then

Jn (Np)(Q)Im] " (T=m):
(In case (i) mis a maximal ideal of T = T (Np):)

Corollary 1. In case (i), JH(N)(Q)m ' T2 and Tam J4(N)(Q)
T2.
In case (ii), JH(Np)(ﬁ)m " T2 and Tan Ju(Np)(Q) ' T2 (where
Tm=TH(NP)m).
Corollary 2. In either of cases(i) or (ii) T, is a Gorenstein ring.

In each case the rst isomorphisms of Corollary 1 follow from the theorem
together with the rank 2 result alluded to previously. Corrollary 2 and the
second isomorphisms of corollory 1 then follow on applying duality (2.4). (In
the proof and in all applications we will only use the notion of a Gorenstein
Zp-algebra as de ned in the appendix. For nite at local Zj-algebras the
notions of Gorenstein ring and GorensteinZ,-algebra are the same.) Here

Tam Ju(N)(Q) = Tap Ju(N)Q) Tm is the m-adic Tate module of
Top
JH (N)

We should also point out that although Corollary 1 gives a representation
from the m-adic Tate module

= 1, :Gal(Q=Q)! GL(Tnm)

this can be constructed in a much more elementary way. (See [Ca3] for another
argument.) For, the representation exists with T, Q replacing T ,, when we
use the fact that Hom(Qp=Z,; D) Q was free of rank 2. A standard argument
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using the Eichler-Shimura relations implies that this representation © with
values in GL(T, Q) has the property that

trace (Frob ") = T-; det YFrob )= "hi

for all = - Np: We can normalize this representation by picking a complex

conjugation ¢ and choosing a basis such that(c)= (1) i’ , and then by picking

a forwhich o )= f:‘ 3 with b ¢ 6 0(m) and by rescaling the basis so
that b = 1: (Note that the explicit description of the traces shows that if |,

is also normalized so that (c) = (1) (1’ thenbc modm= b.,c., where

m( )= f:‘nrj g"r; : The existence of a such that b ¢ 6 0(m) comes from
the irreducibility of m.) With this normalization one checks that © actually

takes values in the (closed) subring ofT , generated overZ, by the traces.

One can even construct the representation directly from the representations in
Theorem 0.1 using this ring which is reduced. This is the method of Carayol
which requires also the characterization of by the traces and determinants
(Theorem 1 of [Ca3]). One can also often interpret theU, operators in terms

of for giN using the ' ( ) theorem of Langlands (cf. [Cal]) and the
Uq operator in case (ii) using Theorem 2.1.4 of [Wil].

Proof (of theorem). The important technique for proving such multiplicity-
one results is due to Mazur and is based on the-expansion principle in char-
acteristic p. Since the kernel ofJy (N)(Q) ! J1(N)(Q) is an abelian group on
which Gal(Q=Q) acts through an abelian extension ofQ, the intersection with
kerm is trivial when |, is irreducible. So it is enough to verify the theorem
for J1(N) in part (i) (resp. J1(Np) in part (ii)). The method for part (i) was
developed by Mazur in [Ma2, Ch. II, Prop. 14.2]. It was extended to the case
of o(N) in [Ril, Th. 5.2] which summarizes Mazur's argument. The case of

1(N) is similar (cf. [E1, Th. 9.2]).

Now consider case (ii). Let () = fhai :a 1(N)g . Let us rst
assume that ( is nontrivial mod m, i.e., that  1Zmforsome 2 (. This
case is essentially covered in [Til] (and also in [Gro]). We brie y review the
argument for use later. LetK = Qp( p); p being a primitive p root of unity,
and let O be the ring of integers of the completion of the maximal unrami ed
extension of K. Using the fact that (,, is nontrivial mod m together with
Proposition 4, p. 269 of [MW1] we nd that

Jl(Np)ergzo(fp)' (Pic® X} Pic® 1)m(fp)

where the notation is taken from [MW1] loc. cit. Here ¢ and , are the
two smooth irreducible components of the special bre of the canonical model
of X1(Np)=o described in [MW1, Ch. 2]. (The smoothness in this case was
proved in [DR].) Also J;(Np)!_, denotes the canonicaletale quotient of the
m-divisible group over O. This makes sense becaus& (Np), does extend to



484 ANDREW JOHN WILES

a p-divisible group over O (again by a theorem of Deligne and Rapoport [DR]
and because (p is nontrivial mod m). Itis ordinary as follows from (2.2) when
we use the main theorem of Tate ([Ta]) sinceD® and DE clearly correspond
to ordinary p-divisible groups.

Now the g-expansion principle implies that dimfp X[mJ 1 where

X =fHO 15 B HO(Y: Yo

and m°is de ned by embeddingT=m! F,andsettingm’=ker: T F,! F,
under the mapt a 7! at modm. Also T acts on Pid ;, Pic® ¢, the
abelian variety part of the closed bre of the Neron model of J;(Np)-o, and
hence also on its cotangent spacX . (For a proof that X [m9 is at most one-
dimensional, which is readily adapted to this case, see Lemma 2.2 below. For
similar versions in slightly simpler contexts see [Wi3,x6] or [Gro, x12]. Then
the Cartier map induces an injection 9cf. Prop. 6.5 of [Wi3])

fPic® ,  Pic® ¢ glp](Fp) i Fp! X

P

The composite  w can be checked to be Hecke invariant (cf. Prop. 6.5 of
[Wi3]. In checking the compatibility for U, use the formulas of Theorem 5.3
of [Wi3] but note the correction in [MW1, p. 188].) It follows that

J1(NP)m=o (Fp)Im]* T=m

as a T-module. This shows that if B is the Pontrjagin dual of
H = J;(NpP)m-o(Fp) then B * T, sinceB=m' T=m. Thus

J1(NpP)m=0 (ﬁp)[p] ' Hom(T m=p;Z=pZ):

Now our assumption that m is D -distinguished enables us to identify

DO = Jl(Np)omzo(ap) ; DE = Jl(Npﬁqzo(ap):

For the groups on the right are unrami ed and those on the left are dual to
groups where inertia acts via a character of nite order (duality with respect
to Hom( ;Qpx=Z,(1))): So

Do[p]! T m=p; DE[p]! Hom(T m=p;Z=pZ)

asT -modules, the former following from the latter when we use duality under
the pairing [, ]. In particular as m is D-distinguished,

(2:4) Dlp]" Tm=p Hom(T m=p;Z=pZ):

We now use an argument of Tilouine [Til]. We pick a complex conjugation
. This has distinct eigenvalues 1 on ] , so we may decompos®[p] into
eigenspaces for :

D[p] = D[p]" D [p] :
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Since T =p and Hom(T ,=p;Z=pZ) are both indecomposable Hecke-modules,
by the Krull-Schmidt theorem this decomposition has factors which are iso-
morphic to those in (2.4) up to order. So in the decomposition

D[m]= D[m]" D [m]

one of the eigenspaces is isomorphic td ,, and the other to (T ,,=p)[m]. But
since n, isirreducible it is easy to see by considerindp[m] Hom(D[m];det )
that has the same number of eigenvalues equal to +1 as equal tol in D[m],
whence #(T n=p[m] = #( T =m): This shows that D[m]* 'D [m] ' T=m as
required.

Now we consider the case where () is trivial mod m. This case was
treated (but only for the group o(Np) and , new' at p[{the crucial re-
striction being the last one) in [M Ri]. Let X1(N;p)-q be the modular curve
corresponding to 1(N)\ o(p) and let J1(N; p) be its Jacobian. Then since
the composite of natural mapsJ:(N;p) ! Ji(Np) ! Ji(N;p) is multiplication
by an integer prime to p and since (y is trivial mod m we see that

Ji(N;pIm(Q) * J1(NP)m(Q):

It will be enough then to use J;(N; p), and the corresponding ringT and ideal
m.

The curve X1(N;p) has a canonical modelX1(N;p)=z, which over Fp
consists of two smooth curves ® and intersecting transversally at the
supersingular points (again this is a theorem of Deligne and Rapoport; cf.
[DR, Ch. 6, Th. 6.9], [KM] or [MW1] for more details). We will use the models
described in [MW1, Ch. Il] and in particular the cusp 1 will lie on . Let

denote the sheaf of regular di erentials on X1(N;p)=r, (cf. [DR, Ch. 1 x2],
[M Ri, x7]). Over F, sinceX 1(N; p):fp has ordinary double point singularities,
the di erentials may be identi ed with the meromorphic di erentials on the
normalization Xl(N; p)zfp = which have at most simple poles at the
supersingular points (the intersection points of the two components) and satisfy
res, +resy, = 0 if x; and x, are the two points above such a supersingular
point. We need the following lemma:

Lemma 2.2. dimy — HO(X1(N;p)=¢,; )[ m] = 1:

Proof. First we remark that the action of the Hecke operator U, here is
most conveniently de ned using an extension from characteristic zero. This is
explained below. We will rst show that dim -, H°(X 1(N; P=F,;)[ m 1
this being the essential step. If we embedT=m | Ep and then set
ml=ker: T Fp! Fp, (the map given byt a 7! at mod m) then it is
enough to show that dirrEp HO(X 1(N; p)fp; ) m9  1: First we will suppose
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that there is no nonzero holomorphic di erential in HO(Xl(N;p):Ep; ) mY;

i.e., no dierential form which pulls back to holomorphic di erentials on ©
and . Thenif !, and !, are two dierentials in HO(Xl(N;p):Ep; ) mY,
the g-expansion principle shows that! ; ! , has zerog-expansion atl for
some pair (; ) 6(0;0) in Fi and thusiszeroon . As! ; ! ,=00n

it is holomorphic on ©'. By our hypothesis it would then be zero which
shows that! ; and! , are linearly dependent.

This use of the g-expansion principle in characteristicp is crucial and due
to Mazur [Ma2]. The point is simply that all the coe cients in the g-expansion
are determined by elementary formulae from the coe cient of g provided that
I is an eigenform for all the Hecke operators. The formulae for the action of
these operators in characteristicp follow from the formulae in characteristic
zero. To see this formally (especially for theU, operator) one checks rst
that HO(X 1(N; P)=z,; ), where denotes the sheaf of regular di erentials on
X1(N;p)=z,, behaves well under the base change®, ! Z, and Z, ! Q,;
cf. [Ma2, x11.3] or [Wi3, Prop. 6.1]. The action of the Hecke operators on
J1(N; p) induces an action on the connected component of the Neron model of
J1(N;p)=q,, So also on its tangent space and cotangent space. By Grothendieck
duality the cotangent space is isomorphic toH%(X 1(N;p)=z,; ); see (2.5)
below. (For a summary of the duality statements used in this context, see
[Ma2, xlI.3]. For explicit duality over elds see [AK, Ch. VIII].) This then
de nes an action of the Hecke operators on this group. To check that oveﬁp
this gives the standard action one uses the commutativity of the diagram after
Proposition 2.2 in [Mi1].

Now assume that there is a nonzero holomorphic di erential in

HO(X 1(N; P)=g,: )l mA:

We claim that the space of holomorphic di erentials then has dimension 1 and
that any such dierential ! 6 0 is actually nonzero on . The dimension
claim follows from the second assertion by using the&-expansion principle. To
prove that ! 6 0 on we use the formula

Up (xy) = (Fxy9

for (x;y) 2 (Pic® ®  Pic® )(Fp), where F denotes the Frobenius endo-
morphism. The value of y° will not be needed. This formula is a variant
on the second part of Theorem 5.3 of [Wi3] where the corresponding re-
sult is proved for X1(Np): (A correction to the rst part of Theorem 5.3
was noted in [MW1, p. 188].) One check then that the action ofU, on
Xo=Ho ; Y HO®; 1) viewed as a subspace orHO(Xl(N;p)zfp; )

is the same as the action onX, viewed as the cotangent space of Pfc

Pic® ¢ . From this we see thatif! =0on  then Uy =0on ©. But U,
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acts as a nonzero scalar which gives a contradiction if 6 0. We can thus as-
sume that the space oim®torsion holomorphic di erentials has dimension 1 and
is generated by! . So if! , is now any di erential in HO(Xl(N;p)zfp; ) mY
then!, ! has zerog-expansion atl for some choice of . Then!, | =0
on whence! , ! is holomorphic and so! , = !  We have now shown
in general that dim(H °(X 1(N; P)g,: )l md) 1

The singularities of X1(N;p)=z, at the supersingular points are formally
isomorphic overzlgnr to Z’g”f [X:Y =(XY  pX) with k =1;2 or 3 [cf. [DR,
Ch. 6, Th. 6.9]). If we consider a minimal regular resolutionM1(N;p)=z,
then HO(M1(N;p)=¢,; ) " HO(X1(N;p)=,; ) (see the argument in [Ma2,
Prop. 3.4]), and a similar isomorphism holds forH °(M 1 (N; P)=z,; ) :

As M1(N;p)=z, is regular, a theorem of Raynaud [Ray2] says that the
connected component of the Neron model ofl;(N;p)=q, is Jl(N;p)SZp '

Pic’(M1(N: p)=z,): Taking tangent spaces at the origin, we obtain

(2:5) Tan(J1(N;p)2z,) * HY(M1(N;P)=z,: Om(nip)):

Reducing both sides modp and applying Grothendieck duality we get an iso-
morphism

(2:6) Tan(J1(N;p)2e,) ! Hom(H (X 1(N; )=k, ) 5 Fp):

(To justify the reduction in detail see the arguments in [Ma2, xll. 3]). Since
Tan(J1(N; p)gzp) is a faithful T Z,-module it follows that

HO(X1(N;p)=r,; ) m]
is nonzero. This completes the proof of the lemma.

To complete the proof of the theorem we choose an abelian subvariety
A of J1(N;p) with multiplicative reduction at p. Specically let A be the
connected part of the kernel ofJ;(N;p) ! Ji(N) J1(N) under the natural
map "* described in Section 2 (see (2.10)). Then we have an exact sequence

0! Al Ji(N;p)! B! O

and J1(N;p) has semistable reduction overQ, and B has good reduction.
By Proposition 1.3 of [Ma3] the corresponding sequence of connected group
schemes

0! A[pl%;, ! Ju(N;p)[pl2,, ! Blp%,, ! O

is also exact, and by Corollary 1.1 of the same proposition the corresponding
sequence of tangent spaces of Neron models is exact. Using this we may check
that the natural map

(2:7) Tan(J:(N;p)IPLE,) ~ Tm! Tan(31(N;p)g,) T

p P
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is an isomorphism, wheret denotes the maximal multiplicative-type subgroup
scheme (cf. [Ma3,x1]). For it is enough to check such a relation onA and B
separately and onB it is true because them-divisible group is ordinary. This
follows from (2.2) by the theorem of Tate [Ta] as before.

Now (2.6) together with the lemma shows that

Tan(Jl(N;p)):zpT Tm' Tm:

p

We claim that (2.7) together with this implies that as T ,-modules
V= 3i(N;p)IP' (Qp)m * (Tm=P):
To see this it is su cient to exhibit an isomorphism of F,-vector spaces

(2:8) Tan(Gg,) ' G(Qp) _ Fo

for any multiplicative-type group scheme (nite and at) G-z, which is killed
by p and moreover to give such an isomorphism that respects the action of
endomorphism ofG=z . To obtain such an isomorphism observe that we have
isomorphisms

p

' Hom Tan( ¢ );Tan(G.r,)

where Honbp denotes homomorphisms of the group schemes viewed ov@rID
and similarly for Homfp. The second isomorphism can be checked by reducing

to the caseG = . Now picking a primitive p root of unity we can iden-
tify the left-hand term in (2.9) with G(Q,)  Fp: Picking an isomorphism of
Fp

Tan( pzfp) with Ep we can identify the last term in (2.9) with Tan( szp):
Thus after these choices are made we have an isomorphism in (2.8) which
respects the action of endomorphisms o6.

On the other hand the action of Gal(6p=Qp) on V is rami ed on every
subquotient, soV D °[p]. (Note that our assumption that (p) IS trivial
mod m implies that the action on D°[p] is rami ed on every subquotient and
on DE [p] is unrami ed on every subquotient.) By again examining A and B
separately we see that in factV = DO[p]: For A we note that A[p]=A[p]' is
unrami ed because it is dual to A[p]' where A is the dual abelian variety. We
can now proceed as we did in the case where,y was nontrivial mod m.
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2. Congruences between Hecke rings

Suppose thatqis a prime not dividing N. Let 1(N;q) = 1(N)\ o(Q)
and let X1(N;qg) = X1(N;q)-o be the corresponding curve. The two natural
maps X1(N;q) ! X1(N) induced by the mapsz! =z and z! qzon the
upper half plane permit us to dene amapJi(N) Ji(N)! Ji1(N;q). Using
a theorem of lhara, Ribet shows that this map is injective (cf. [Ri2, Cor. 4.2]).
Thus we can de ne' by

(2:10) 0! Ji(N) Ji(N)!  Ji(N:q):
Dualizing, we de ne B by

0! B! Jy(N;g)! Jy(N) Jy(N)! O

Let T1(N;q) be the ring of endomorphisms ofJ;(N;q) generated by the
standard Hecke operatorsfT, for | - Nq;U for IjNg;hai = hai for
(a;Ng) = 19. One can check thatU, preservesB either by an explicit calcu-
lation or by noting that B is the maximal abelian subvariety of J;(N; q) with
multiplicative reduction at q. We setJ, = J1(N) Ji(N):

More generally, one can considedy (N) and Jy (N;q) in place of J1(N)
and J;(N;q) (where Jy (N; q) corresponds toX 1(N; g)=H) and we write T ; (N)
and Ty (N;q) for the associated Hecke rings. In this case the corresponding
map ' may have a kernel. However since the kernel a¥y (N) ! J1(N) does
not meet kerm for any maximal ideal m whose associated , is irreducible,
the above sequence remain exact if we restrict ton(® -divisible groups, m(%
being the maximal ideal associated tom of the ring T(HQ)(N;q) generated by
the standard Hecke operators but ommitting Ug. With this minor modi ca-
tion the proofs of the results below forH 6 1 follow from the cases of full
level. We will use the same notation in the general case. Thus is the map
Jo = Ju(N)2! Jy(N;q)induced by z! zandz! qzon the two factors,
and B =ker ™. (B will not be an abelian variety in general.)

The following lemma is a straightforward generalization of a lemma of
Ribet ([Ri2]). Let nq be an integer satisfyingng, q(N) and nq  1(q), and
write hgi = ngi 2 Ty (NQ):

Lemma 2.3 (Ribet). (B)\ ' (J2)mw = ' (J2)[UZ h qi]pw for irre-
ducible .

Proof. The left-hand side is (im" \ ker”), so we compute' 1(im' \
ker'®) = ker(~ ' ):
An explicit calculation shows that
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whereT, = Ty hgi '. The matrix action here is on the left. We also nd that
onJ,

0 haq
2:11 U, ' ="' :
( ) q q Tq
whence
2 H 1 —_ 1 h ql O N 1 .
(Uq h CII) - Tq h ql ( )

Now suppose thatm is a maximal ideal of Ty (N);p 2 mand , is ir-
reducible. We will now give a slightly stronger result than that given in the
lemma in the special caseg = p. (The caseq 6 p we will also strengthen but
we will do this separately.) Assume the thatp - N and T, 62m. Let a, be
the unit root of x? Tpx+ ppi =0in TH(N)yn. We rst de ne a maximal
ideal m, of T4 (N; p) with the same associated representation as. To do this
consider the ring

S1= TH(N)[UiJ=(Uf  ToUs+ phpi)  End(Ju (N)?)
where U; is the endomorphism ofJy (N)? given by the matrix

Tp hpi
p 0

It is thus compatible with the action of U, on Jy (N; p) when compared using
. Nowmg =(m;U; &) is a maximal ideal of S; where &, is any element
of TH (N) representing the classa, 2 TH(N)n=m"' T4 (N)=m. Moreover
Stm, ' Th(N)m and we letm, be the inverse image ofn, in T (N; p) under
the natural map Ty (N;p) ! S;. One checks thatm, id D-distinguished. For
any standard Hecke operatort exceptU, (i.e., t = Tj;Ugp for g6 p or hai) the
image oft ist. The image ofU, is U;.
We need to check that the induced map

:TH(N;p)mp ! Sl;mll TH(N)m

is surjective. The only problem is to show that T, is in the image. In the present
context one can prove this using the surjectivity of ' in (2.12) and using the
fact that the Tate-modules in the range and domain of' *are free of rank 2 by
Corollary 1 to Theorem 2.1. The result then follows from Nakayama's lemma as
one deduces easily thall 4y (N)m is a cyclicT y (N; p)m, -module. This argument
was suggested by Diamond. A second argument using representations can be
found at the end of Proposition 2.15. We will now give a third and more direct
proof due to Ribet (cf. [Ri4, Prop. 2]) but found independently and shown to
us by Diamond.
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For the following lemma we let TM | for an integer M , denote the subring of
End S,( 1(N)) generated by the Hecke operatordl, for positive integersn

relatively prime to M. HereS, 1(N) denotes the vector space of weight 2

cusp forms on 1(N). Write T for T. It will be enough to show that Tj, is
a redundant operator in T, i.e., that TP = T. The result for T (N)ny then
follows.

Lemma (Ribet). Suppose that(M;N) =1:1f M is odd thenTM = T.
If M is even thenTM has nite index in T equal to a power of2.

As the rings are nitely generated free Z-modules, it su ces to prove that
™ Fi!' T F, is surjective unlessl and M are both even. The claim
follows from

1.TM F 1 TM®  F is surjective if pjM and p-IN .
2.T" F! T F, is surective if | - 2N:

Proof of 1. Let A denote the Tate module Ta(J1(N)): Then R = TM=p
Z, acts faithfully on A. Let R°= (R Q;)\ Endz A and choosed so that
Z)

I9R® |IR. Consider the Gal(@Q=Q)-module B = J1(N)[I9] Nid- By
Cebotarev density, there is a primeq not dividing MNI so that Frobp = Frob q
on B. Using the fact that T, = Frobr + hrir(Frobr) ' on A for r = p and
r = g, we see thatT, = Tq on J;(N)[I9]. It follows that T, Tqisin I9Endz, A
and therefore in19R%  IR:

Proof of 2. Let S be the set of cusp forms IS, ( 1(N)) whoseg-expansions
at 1 have coe cientsin Z. Recall that Sy( 1(N))= S C andthat S is stable
under the action of T (cf. [Sh1, Ch. 3] and [Hi4,x4]). The pairing T S! Z
dened by T f 7! a;(Tf) is easily checked to induce an isomorphism of
T -modules

S = Homz(T;Z):

The surjectivity of T'=IT' ! T=IT is equivalent to the injectivity of the dual
map

Hom(T;F;)! Hom(T';F):

Now use the isomorphismS=IS = Hom(T;F,) and note that if f is in the
kernel of S| Hom(T':F)), then a,(f) = ai1(T,f) is divisible by | for all n
prime to |. But then the mod | form de ned by f is in the kernel of the operator
qd‘iq, and is therefore trivial if | is odd. (See Corollary 5 of the main theorem

of [Ka].) Therefore f is in IS.

Remark. The argument does not prove thatTMd = T9 if (d;N) 6 1:
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We now return to the assumptions that |, is irreducible, p - N and
Tp 62m. Next we de ne a principal ideal ( ) of Ty (N)m as follows. Since
TrH(N;p)m, and Ty (N)n are both Gorenstein rings (by Corollary 2 of Theo-
rem 2.1) we can de ne an adjoint " to

in the manner described in the appendix and we set , = ( M) (1). Then
( p) is independent of the choice of (Hecke-module) pairings o y (N;p)m,
and Ty (N)n. Itis equal to the ideal generated by any composite map

THN)m!  Tu(N;P)m, ! TH(N)m
provided that is aninjective map of T (N; p)m,-modules with Z, torsion-free
cokernel. (The module structure onTy (N ), is de ned via )

Proposition  2.4. Assume that m is D,-distinguished and that ., is
irreducible of levelN with p-N. Then

( p)= T5 hpi(l+p? =(a; hpi):
Proof. Consider the maps onp-adic Tate-modules induced by’ and '
Tap Ju(N)2 1 Tap Ju(N;p) !° Tap Jn(N)? :

These maps commute with the standard Hecke operators with the exception
of T, or U, (which are not even de ned on all the terms). We de ne

S = Tu(N)[Uz]=(U5 TpUz + ptpi)  End Ju(N)?

where U is the endomorphism of J; (N)? de ned by ( hTfi). It satis es
'U,= Uy . Againm, =(m;U, &) is a maximal ideal of S, and we have,

on restricting to the mg; m, and my-adic Tate-modules:
b

Tam, Ju(N)2 1 Tam, Ju(N;p) !” Tam, Ju(N)?
(2:12) "0 Vo "0 vp
Tam Ju (N) Tam Ju(N) :

The vertical isomorphisms are de ned byv, : x ! (h pix;apx) and vy : x !
@px; px): (Here ay 2 T (N)m can be viewed as an element ol y (N)p '
Th (N), where the product is taken over the maximal ideals containing

p. Sov; and v, can be viewed as maps to Ta Ju (N)? whose images are
respectively Tan,, Jy (N)? and Tam, Ju(N)? )

Now 'b is surjective and’ is injective with torsion-free cokernel by the re-
sult of Ribet mentioned before. Also Ta, J4y(N) ' Tux(N)3 and
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Tam, Ju(N;p) ' TH(N;p)Zmp by Corollary 1 to Theorem 2.1. So as'; b

are maps of Ty (N; p)m,-modules we can use this diagram to compute , as
remarked just prior to the statement of the proposition. (The compatibility of

the U, actions requires that, on identifying the completions S;..,, and Sy.m,
with Ty (N)m, we getU; = U, which is indeed the case.) We nd that

vit bt va(2)= a,M (@] hpi)(2):

We now apply to J1(N; g?) (but q6 p) the same analysis that we have just
applied to J1(N; g?). Here X 1(A; B) is the curve corresponding to 1(A)\ o(B)
and J;(A; B) its Jacobian. First we need the analogue of Ihara's result. It is
convenient to work in a slightly more general setting. Let us denote the maps
X1(Ng" L;g)! Xi(Ng" ?!)inducedbyz! zandz! qzby i1, and »
respectively. Similarly we denote the mapsX1(Ng"; g **)! X1(Ng") induced
byz! zandz! qzby 3, and 4, respectively. Also let : X;(Ng")'!
X1(Ng" ;q") denote the natural map induced byz! z.

In the following lemma if mis a maximal ideal of T{(Nq" 1) or T1(Nq")

we usem(@ to denote the maximal ideal of T{?(Nq'; ¢ *1) compatible with
m, the ring T\?(Ng";gd ") T1(Ng';q*!) being the subring obtained by
omitting Uq from the list of generators.

Lemma 2.5. If g6 pis a prime andr 1 then the sequence of abelian
varieties

0! Ji(Ng" 1)!'* Ji(Ng") Ji(Ng")!'? Ji(Ng";d ™)

where 1 = (1 ) s (2 ) and 2 = ( 4 3) induces a corre-

sponding sequence op-divisible groups which becomes exact when localized at

any m® for which n, is irreducible.
n

Proof. Let 1(Noqr) denote the group 23) 2 1(N):a d 1(d);
c 0 Y;b 0(g :LetB;andB?! be given by

Bi= 1(Ng)= 1«(Ng)\ (q; B'= Ng)= 1(Ng)\ (Qq

andlet = 1(Ng" )= 1(Ng")\ (. Thus 4' SLx(Z=9 if r =1 and
is of order a power ofqif r > 1:
The exact sequences of in ation-restriction give:

Hi( 1(NG')iQp=Zp) ! HY( 1(NG)\ ( 6);Qp=Zp)B;

together with a similar isomorphism with ! replacing ; and B replacing B;.
We also obtain

HY 1(Ng" 1);Qp=Zp)! H( 1(Ng)\ (a);Qp=Zp) °:
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The vanishing of H?(SL,(Z=0); Qp=Z,) can be checked by restricting to the
Sylow p-subgroup which is cyclic. Note thatim 1\ im *  H?( (Ng")\ ( 9);
Qp=Zp) © sinceB; and B?! together generate 4. Now consider the sequence

2:13) d HY( 1(Ng" 1);Qp=Zp)
P ¥ HIC ((NG');Qp=Zp)  HA( N(NG'); Qp=Zp)
Lot HY( 1(Ng")\ (0);Qp=Zp):

We claim it is exact. To check this, suppose that 1(x) = Y(y): Then
1(X) 2 HY( 2(Ng")\ (a);Qp=Zp) @: So 1(x) is the restriction of an

x°2 HY  1(Ng" 1);Qp=Z, whencex res(x) 2 ker 1 = 0: It follows

also thaty = rest(x9:

Now conjugation by the matrix ( g(l’) induces isomorphisms

Y(Ng') ' 1(Ng");  a(Ng)\ ()" 1(Ng';gh):

So our sequence (2.13) yields the exact sequence of the lemma, except that we
have to change from group cohomology to the cohomology of the associated
complete curves. If the groups are torsion-free then the di erence between
these cohomologies is Eisenstein (more precisely 1 | forl 1modNg**
is nilpotent) so will vanish when we localize at the preimage ofm(® in the
abstract Hecke ring generated as a polynomial ring by all the standard Hecke
operators excluding Tq. If M 3 then the group (M) has torsion. For
M = 1;2;3 we can restrict to (3); (4) ; (3), respectively, where the co-
homology is Eisenstein as the corresponding curves have genus zero and the
groups are torsion-free. Thus one only needs to check the action of the Hecke
operators on the kernels of the restriction maps in these three exceptional cases.
This can be done explicitly and again they are Eisenstein. This completes the
proof of the lemma.

Let us denote the mapsX1(N;q)! Xi(N)inducedbyz! zandz! qz
by ;and , respectively. Similarly we denote the mapsX1(N;q?) ! X1(N;Qq)
induced byz! zandz! qgzby 3 and 4 respectively.

From the lemma (with r = 1) and lhara's result (2.10) we deduce that
there is a sequence

(2:14) 0! Ji(N) Ji(N) Ji(N)!  J:i(N;g?)

where =( 1 3) (2 3) ( 2 4) and that the induced map of p-
divisible groups becomes injective after localization atm(@'s which correspond
to irreducible ,'s. By duality we obtain a sequence

3L(N:g?) ! Ji(N)3L 0

which is “surjective’ on Tate modules in the same sense. More generally we
can prove analogous results fody (N) and Jy (N; g?) although there may be



MODULAR ELLIPTIC CURVES AND FERMAT'S LAST THEOREM 495

a kernel of order divisible by pin J4 (N) ! Ji(N): However this kernel will
not meet the m(@ -divisible group for any maximal ideal m(% whose associated
m IS irreducible and hence, as in the earlier cases, will not a ect the results if
after passing top-divisible groups we localize at such am(®. We use the same
notation in the general case wherH 6 1 so isthe mapJy (N)3! Jy (N;g?):
We suppose now thatm is a maximal ideal of T 4 (N) (as always with p 2
m) associated to an irreducible representation and thatq is a prime, g - Np.
We now de ne a maximal ideal mq of T (N;g?) with the same associated
representation asm. To do this consider the ring

S1= T (N)[U=U (U TqUi+ ghoi)  End Jy (N)3

where the action of U; on Jy (N)2 is given by the matrix

2 .3
Tq hag O
49 0 05;:
0 g O

Then U; satis es the compatibility
b y,=u, B

One checks this using the actions on cotangent spaces. For we may identify
the cotangent spaces with spaces of cusp forms and with this identi cation any
Hecke operatort induces the usual action on cusp forms. There is a maximal
idealmy = (Ug;m)in Sy and Sy;m, © Th (N)m: We let mgq denote the reciprocal
image ofmy in T (N;g?) under the natural map Tw (N;g?) ! S;.

Next we de ne a principal ideal ( 8) of Ty (N)m using the fact that
Th(N; q2)mq and Ty (N), are both Gorenstein rings (cf. Corollary 2 to The-
orem 2.1). Thus we set ( g)=(b 9 where

O TH(N;g)mg ! Stmy ' Th(N)m

is the natural map and bCis the adjoint with respect to selected Hecke-module
pairings on T (N;g%)m, and T (N)m. Note that ©is surjective. To show
that the T, operator is in the image one can use the existence of the associated
2-dimensional representation (cf. x1) in which Ty = trace(Frob qg) and apply
the Cebotarev density theorem.

Proposition  2.6. Suppose thatfrakm is a maximal ideal of T (N)
associated to an irreducible . Suppose also thatj- Np. Then

( p=(a 1)(TF hai(l+ag?):



496 ANDREW JOHN WILES

Proof. We prove this in the same manner as we proved Proposition 2.4.
Consider the maps onp-adic Tate-modules induced by and b

b
(2:15) Ta, Ju(N)® I Tap Ju(N;g?) ! Tap Ju(N)3® :

These maps commute with the standard Hecke operators with the exception
of Tq and Uy (which are not even de ned on all the terms). We de ne

Sz = Tr(N)[Uzl=Ux(UF  TqUz + ghoi)  End Jy (N)®

where U, is the endomorphismzofJH (N)3 gigen by the matrix

0 0 0
49 0 hq?o:
0 g Ty

Then U, = U, as one can verify by checking the equalityP YU? = Ul(b )
becauseP is an isogeny. The formula for b is given below. Again
mp = (m; Uy) is a maximal ideal of S, and Sp., © Tw (N)m: On restricting
(2.15) to the my; my and my-adic Tate modules we get

Tam, (Jn (N)3) ! Tam, (Iu (N;0?)) ! ’ Tam, (Jn (N)?)
X X
(2:16) 9) ou, 9) ouy
Tam(In (N)) Tam(In (N)):

The vertical isomorphisms are induced byu, : z! (hgiz; T4z;092 and u; :
z! (0;0;z). Now_ a calculation shows that onJy (N)3

. q(q+1) Ty g T¢ hagi(l+09
=4 Ty d q(q+1) Tq g O
T2 ha Y(1+9 T4 g a(q+1)

where T, = hji T,
We compute then that

(' Pu)=hgtli@@ 1) TE hdie+o?

Now using the surjectivity of band that has torsion-free cokernel in (2.16)
(by Lemma 2.5) and that Taym Ju (N) and Tay, Ju (N; g°) are each free of

rank 2 over the respective Hecke rings (Corollary 1 of Theorem 2.1), we deduce
the result as in Proposition 2.4.

There is one further (and completely elementary) generalization of this
result. We let : Xy (Ng;®) ! Xu(N;g?) be the map given byz ! z.
Then - Ju(N;g?) ! Ju(Ng; ) has kernel a cyclic group and as before
this will vanish when we localize at m(® if m is associated to an irreducible
representation. (As before the superscriptq denotes the omission ofU, from
the list of generators of Ty (Nq;f) and m@ denotes the maximal ideal of

T (Ng; ¢?) compatible with m:)
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We thus have a sequence (not necessarily exact)
0! Ju(N)®! Jy(Ng;?)! 2! 0

where = which induces a corresponding sequence ptdivisible groups
which becomes exact when localized at am(® corresponding to an irreducible

m. Here Z is the quotient abelian variety Jy (Ng; ?)=im . As before there is
a natural surjective homomorphism

:TH(Nq;qz)mq! Stim; " TH(N)m

where my is the inverse image ofm; in Ty (Ng;¢?): (We note that one can
replace Ty (NQ; ?) by Ty (Ng?) in the de nition of and Proposition 2.7
below would still hold unchanged.) Since both rings are again Gorenstein we
can de ne an adjoint b and a principal ideal

( a=C b

Proposition  2.7. Suppose thatm is a maximal ideal of T = TH(N)
associated to an irreducible representation. Suppose thaj- Np. Then

( @=(a 1 T4 hdi(d+a?):

The proof is a trivial generalization of that of Proposition 2.6.

Remark 2.8. We have included the operatorUg in the de nition of Tn, =
Th(NQg; q2)mq as in the application of the g-expansion principle it is important
to have all the Hecke operators. Howevetd; =0 in Tp,,. To see this we recall
that the absolute values of the eigenvalues(q;f) of Uy on newforms of level
Ng with g - N are known (cf. [Li]). They satisfy ¢(q;f)2 = hgi in O (the
ring of integers generated by the Fourier coe cients of f) if f is on 1(N;q),
and je(q;f)j = g2 if f is on 1(Nq) but not on 1(N;q). Also when f is
a newform of level dividing N the roots of x> ¢(q;f)x + g 7 (q) = O have
absolute valueq'=? wherec(q; f) is the eigenvalue ofTq and ¢ (q) of hgi. Since
for f on 1(Ng;?); Uqf is a form on ;(NQ) we see that

Y Y
Ug(UZ hd)  (Ug c(q;f)) Ui o(a;f)Ug+ ghgi =0
f2S, f2S,

in Ty (Ng; ) C whereS; is the set of newforms on 1(Nq) which are not
on 3(n;qg) and S, is the set of newforms of level dividingN . In particular as
Ug is in mg it must be zero in T,

A slightly di erent situation arises if mis a maximal ideal of T = Ty (N; Q)
(g6 p) which is not associated to any maximal ideal of leveN (in the sense of
having the same associated,). In this case we may use the maps =( ,; 3)
to give

@17)  Jw(Nia) Jw(NQ) !t Ju(NG?) T Ju(Nig)  Jw(N:a):
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Then 3 sis given by the matrix

A _ q Uq

onJy (N; )%, whereU, = Ughgi * and UZ = hi on the m-divisible group. The
second of these formulae is standard as mentioned above; cf. for example [Li,
Th. 3], since p, is not associated to any maximal ideal of leveN . For the rst
consider any ngyvformf of level divisibleghy g and observe that the Petersson
inner product (U,Uq  1)f (rz);f (mz) is zero for any r;mj(Ng=level f)
by [Li, Th. 3]. This shows that U, Uqf (rz), a priori a linear combination of
f (miz), is equal to f (rz). So U,Uq = 1 on the space of forms on 4 (N;Qq)
which are new at q, i.e. the space spanned by formgf (sz)g where f runs
through newforms with gjlevel f: In particular U, preserves them-divisible
group and satis es the same relation on it, again because, is not associated
to any maximal ideal of level N .

Remark 2.9. Assume that , is of type (A) at q in the terminology of
Chapter 1, x1 (which ensures that ,, does not occur at levelN). In this
caseT, = TH(N;Q)m Is already generated by the standard Hecke operators
with the omission of Uy. To see this, consider the Gl(T ) representation of
Gal(Q=Q) associated to them-adic Tate module ofJy (N; q) (cf. the discussion
following Corollary 2 of Theorem 2.1). Then this representation is already
de ned over the Z,-subalgebraT I, of T, generated by the traces of Frobenius
elements, i.e. by theT- for * - Ngp. In particular hgi 2 TY. Furthermore, as
T is local and complete, and asUi = hai, it is enough to solve X ? = hi
in the residue eld of TY. But we can even do this inkg (the minimal eld
of de nition of ;) by letting X be the eigenvalue of Frobg on the unique
unrami ed rank-one free quotient of k3 and invoking the o' ( o) theorem
of Langlands (cf. [Cal]). (It is to ensure that the unrami ed quotient is free
of rank one that we assume , to be of type (A).)

We assume now that , is of type (A) at g. De ne S; this time by setting
S1= Tu(N;Q)[Ui]=Ui (U Ug)  End Jy(N;Q)?
where U; is given by the matrix

(2:18) U = g

on Jy (N;g)?. The map b, is not necessarily surjective and to remedy this we
introduce m(® = m\ T{?(N;q) where T{?(N;q) is the subring of T (N; q)
generated by the standard Hecke operators but omittingU,. We also write m(®
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for the corresponding maximal ideal ofof)(Nq;qz). Then on m(@-divisible
groups, b, and b are surjective and we get a natural restriction map of
localization Ty (NQ; 0F) (@) ! Siim): (Note that the image of Uy under this
map is U; and not Ug.) The ideal m; = (m; U;) is maximal in S; and so also
in S;.(m@) and we letmy denote the inverse image ofn; under this restriction
map. The inverse image ofmg in T (Nq; ¢?) is also a maximal ideal which we
agin write mgy. Since the completionsT y (Nq;qz)mq and Si.m, © TH(N;Q)m
are both Gorenstein rings (by Corollary 2 of Theorem 2.1) we can de ne a
principal ideal ( ¢) of Ty (N;Q)m by

( @=C b
where : Ty (Nq;qz)mq Sim; © T(N;Q)m is the restriction map induced
by the restriction map on m(%-localizations described above.

Proposition  2.10. Suppose thatm is a maximal ideal of Ty (N;Q)
associated to an irreduciblem of type (A). Then

( @=(a 1*(a+1):

Proof. The method is a straightforward adaptation of that used for Propo-
sitions 2.4 and 2.6. We letS; = Ty (N;q)[Ux]=U:(U>  Ug) be the ring of
endomorphisms ofJy (N; )2 where U, is given by the matrix

Ugs q .
0O 0°
This satis es the compatability 33U, = Uy 3. We dene my = (m;Up) in S,
and observe thatSy;; my " Ty (N; Q)m:
Then we have maps

3

Tam, Ju(N;q)2 ! 7 Tam, Jn(Ng;®) = Tam, Jn(N;q)?

oV oVvy

Tam Ju (N;Q) Tam Ju(N;Q)

The mapsvy and v, are given byv, :z! ( gqz;gz)and vy :z! (z;0)
whereUg = aq in Ty (N;g)m. One checks then thatv, S G I 3) V2
isequalto (g 1)(¢® 1)or 3(q 1) (? 1)

The surjectivity of b3 on the completions is equivalent to the statement
that

Jn (NG [Plmg ! In (N5 A)?[Plm,

is surjective. We can replace this condition by a similar one withm(® substi-
tuted for my and for my, i.e., the surjectivity of

In (NG [Pl ! In (N; Q)2 [Plcor :
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By our hypothesis that |, be of type (A) at g it is even su cient to show that
the cokernel of Jy (Ng; )[p] Fp! Ju(N;@)?[p] Fp has no subquotient as
a Galois-module which is irreducible, two-dimensional and rami ed atg. This
statement, or rather its dual, follows from Lemma 2.5. The injectivity of 3
on the completions and the fact that it has torsion-free cokernel also follows
from Lemma 2.5 and our hypothesis that ,, be of type (A) at q.

The case that corresponds to type (B) is similar. We assume in the anal-
ysis of type (B) (and also of type (C) below) that H decomposes as Hq as
described at the beginning of Section 1. We assume thah is a maximal ideal
of Ty (NQ") where H contains the Sylowp-subgroup S, of (Z=¢ Z) and that

(2:19) m q

I

1

for a suitable choice of basis with ;6 1 and cond 4 = ¢: Hereq- Np and
we assume also that , is irreducible. We use the sequence

n 0

Jr(Ng)  In(Ng )17 2 Jue(NG: g ™)1 © 3w (NG)  Ju(NG)

de ned analogously to (2.17) where , was as de ned in Lemma 2.5 and where
HO%is de ned as follows. Using the notationH = H, as at the beginning of
Section 1 setH?= H, for| 6 gandH{ S, = Hgy. Thendene H°= HPand
let %: Xpo(Ng";g*) ! Xy (Ng';q*) be the natural map z! z. Using
Lemma 2.5 we check that , is injective on the m(% -divisible group. Again we
setS; = Ty (NG )[Ui]=Ui(U1  Ug) End(Jy Ng")? where U, is given by

the matrix in (2.18). We de ne m; = (m;U;) and let mq be the inverse image
of mg in Tro(NQ";q *1): The natural map (in which Ug! Uy)

(Tho(NG ;0™ )mg ! Stmy ' Tu(NG)m

is surjective by the following remark.

Remark2.11. When we assume that , is of type (B) then the U, operator
isredundantin T, = Ty (NQ")m. To see this, rst assume that T, is reduced
and consider the GLy(T ) representation of Gal(Q=Q) associated to the m-
adic Tate module. Pick a 4 2 |4, the inertia group in Dq in Gal(Q=Q), such
that 4( 4) 6 1: Then because the eigenvalues ofy are distinct mod m we can
diagonalize the representation with respect to 4. If Frob qis a Frobenius inDg,
then in the GL»(T ) representation the image of Frobq normalizes|, and we
can recoverUy as the entry of the matrix giving the value of Frob g on the unit
eigenvector for 4. Thisis by the ' ( 4) theorem of Langlands as before
(cf. [Cal]) applied to each of the representations obtained from mapg , !
Oy, : Since the representation is de ned over theZ ,-algebraT! generated by
the traces, the same reasoning applied td &, shows thatUq 2 T4,
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If Ty is not reduced the above argument shows only that there is an
operator vq 2 T{ such that (U; Vvq) is nilpotent. Now T4 (NQ") can be
viewed as a ring of endomorphisms o5,( { (NQ")), the space of cusp forms
of weight 2 on 1 (NQ"). There is a restriction map Ty (Ng") ! Ty (Ng")"W
where Ty (Ng")"™" is the image of T (NQ") in the ring of endomorphisms of
So( (NG )=S( 1 (Ng))°4, the old part being de ned as the sum of two
copies ofSy( 1 (NQg" 1)) mappedviaz! zandz! gz One sees that on
m-completions T, ' (TH(NQg")"")n since the conductor of , is divisible by
g . It follows that Uy 2 T, satis es an equation of the form P (Ug) = 0 where
P (x) is a polynomial with coe cients in W (k) and with distinct roots. By
extending scalars toO (the integers of a local eld containing W (ky,)) we can

assume that the roots lie inT " T, O:
W (km)
Since Uy Vg) is nilpotent it follows that P(vq)" = O for some r. Then
sincevqy 2 T, which is reduced,P(vq) = 0: Now consider the mapT ! Ty

where the product is taken over the localizations ofT at the minimal primes
p of T. The map is injective since the associated primes of the kernel are all
maximal, whence the kernel is of nite cardinality and hence zero. Now in
eachT,;Ug = jandvg= ; forroots ;; ; of P(x) =0 because the roots
are distinct. SinceU; vq 2 p for eachp it follows that ; = ; for eachp
whenceUq = vq in each T(,). HenceUy = vq in T also and this nally shows
that Uq 2 TY in general.

We can therefore de ne a principal ideal

( =(C b

using,as previously, that the ringsT o(Nq"; g ** Jmg @and T (NQ")m are Goren-
stein. We compute ( 4) in a similar manner to the type (A) case, but using
this time that U, Uq = g on the space of forms on (N g") which are new at
g, i.e., the space spanned by formgf (sz)g where f runs through newforms
with ' jlevelf. To see this letf be any ngwform of level divisible pyq’ and

observe that the Petersson inner product (U,Uq o)f (rz);f(mz) =0 for
any mj(Ng"=levelf) by [Li, Th. 3(ii)]. This shows that ( U,Uy o)f (rz),
a priori a linear combination of ff (m;z)g, is zero. We obtain the following
result.

Proposition  2.12. Suppose thatm is a maximal ideal of Ty (NQ")
associated to an irreducible ., of type (B) at q, i.e., satisfying (2.19) including
the hypothesis thatH cantains S,. (Again q-Np:) Then

(9= (@ 17 :

Finally we have the case where , is of type (C) at g. We assume then
that mis a maximal ideal of T4 (NQ") where H contains the Sylowp-subgroup
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Sp of (Z=d Z) and that
(2:20) HY(QquW )=0

where W is de ned as in (1.6) but with |, replacing o, i.e., W =ad® n:

This time we let my be the inverse image ofm in To(NQg") under the
natural restriction map Tpo(Ng') !' Ty (Ng") with HO de ned as in the
case of typeB. We set

(ad=C 1

where :Tpo(NQ")m, TH(NQ")m is the induced map on the completions,
which as before are Gorenstein rings. The proof of the following proposition
is analogous (but simpler) to the proof of Proposition 2.10. (Notice that the
proposition does not require the condition that |, satisfy (2.20) but this is the
case in which we will use it.)

Proposition  2.13. Suppose thatm is a maximal of T (NQ"') asso-
ciated to an irreducible ,, with H containing the Sylowp-subgroup of(Z=d Z) :
Then

( 0=(a 1)

Finally, in this section we state Proposition 2.4 in the caseq 6 p as this
will be used in Chapter 3. Letqbe a prime,q-Np and let S; denote the ring

(2:21) Tu (N)[U1]=f U7 ToUp + hoiqg  End(Jn (N)?)

where'~: Jy (N;q) ! Jy (N)? is the map de ned after (2.10) and U, is the
matrix

Tq ha

q 0

Thus, ¥ ¢ = U1, Also hgi is de ned as mgi whereny  q(N);nq  1(0):
Let m; be a maximal ideal of S; containing the image of m, where m is a
maximal ideal of T 4 (N) with associated irreducible .. We will also assume
that (Frob g) has distinct eigenvalues. (We will only need this case and
it simpli es the exposition.) Let my denote the corresponding maximal ide-
als of Ty (N;g) and Ty (Nqg) under the natural restriction maps Ty (NQ) !
Tu(N;q)! S;: The corresponding maps on completions are

(2:22) TH(NDmg ! TH(N; D,
' Sym, TH(N)mW( W (k™)

m

wherek* is the extension ofk, generated by the eigenvalues of ,(Frob g)g:
That k* is either equal to ky, or its quadratic extension. The maps ; are
surjective, the latter becauseT is a trace in the 2-dimensional representation
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to GL2(TH (N)m) given after Theorem 2.1 and hence is ‘redundant' by the
Cebotarev density theorem. The completions are Gorenstein by Corollary 2 to
Theorem 2.1 and so we de ne invariant ideals ofS;.,,

(2:23) () =( A, 9= ) (b

Let 4 betheimage ofU;in Ty (N)m W (k* ) under the last isomorphism
W (

m

in (2.22). The proof of Proposition 2.4 yields

Proposition  2:4% Suppose that , is irreducible where m is a maximal
ideal of T (N) and that ,(Frob g) has distinct eigenvalues. Then

()=( § ha);
( 9=( 3 hd)a 2

Remark. Note that if we suppose also thatq 1(p) then () is the unit
ideal and is an isomorphism in (2.22).

3. The main conjectures

As we suggested in Chapter 1, in order to study the deformation theory
of ¢ in detail we need to assume that it is modular. That this should always
be so for det o odd was conjectured by Serre. Serre also made a conjecture
(the ™'-conjecture) making precise where one could nd a lifting of o once
one assumed it to be modular (cf. [Se]). This has now been proved by the
combined e orts of a number of authors including Ribet, Mazur, Carayol,
Edixhoven and others. The most di cult step was to show that if  was
unrami ed at a prime | then one could nd a lifting in which | did not divide
the level. This was proved (in slightly less generality) by Ribet. For a precise
statement and complete references we refer to Diamond's paper [Dia] which
removed the last restrictions referred to in Ribet's survey article [Ri3]. The
following is a minor adaptation of the epsilon conjecture to our situation which
can be found in [Dia, Th. 6.4]. (We wish to use weight 2 only.) LetN ( o) be
the prime to p part of the conductor of (o as de ned for example in [Se].

Theorem 2.14. Suppose that ¢ is modular and satises (1.1) (so in
particular is irreducible) and is of typeD =( ; ;O;M ) with = Se; str or
Suppose that at least one of the following conditions holdg) p > 3 or (ii) o
is not induced from a character of Q(" 3). Then there exists a newformf
of weight 2 and a prime of O; such that . is of type D°=(; ;0%M)
for some O% and such that( y mod ) ' ¢ over fp. Moreover we can
assume thatf has character ; of order prime to p and has levelN ( o)p ¢
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where ( o) = 0 if ojp, is associated to a nite at group scheme overZ,
and det | = I, and ( o) =1 otherwise. Furthermore in the Selmer case

we can ass’:Jme thaia, (f ) 2(Frob p)mod in the notation of (1.2) where
ap(f) is the eigenvalue ofUp.

For the rest of this chapter we will assume that  is modular and that
if p=3then ¢ is notinduced from a character ofQ("  3). Here and in the
rest of the paper we use the term “induced' to signify that the representation
is induced after an extension of scalars to the algebraic closure.

For eachD = f; ;O;Mg we will now de ne a Hecke ring Tp except
where is unrestricted. Suppose rst that we are in the at, Slemer or strict
cases. Recall that when referring to the at case we assume that, is not
ordinary and that det oj;, = !. Suppose that = fgg and that N( o) =

o with s; 0: If U ' k2 is the representation space of o we setng =
dimg (U )'e wherelq in the inertia group at g. De ne My and M by
Y Y
(2:24) Mo = N( o) g ¢ M= Mgp (¥

n g; =1 nqi =2
gj 62M[f  pg

where (o) = 1if o is ordinary and ( o) = O otherwise. Let H be the
subgroup of Z=MZ) generated by the Sylowp-subgroup of Z=qZ) for each
G 2M as well as by all of ¢=qZ) for eachg 2 M of type (A). Let T (M)

denote the ring generated by the standard Hecke operator§ T, for | - Mp; hai

for (a;Mp) = 1g. Let m°denote the maximal ideal of T %, (M ) associated to the
f and given in the theorem and letkmo be the residue eld TY (M )=m. Note

that m® does not depend on the particular choice of pairf. ) in theorem 2.14.
Then kmo ' kg Wherekg is the smallest possible eld of de nition for o because
kmo is generated by the traces. Henceforth we will identifyko with kno. There

is one exceptional case wherey is ordinary and ojp, is isomorphic to a sum
of two distinct unrami ed characters ( ; and » in the notation of Chapter 1,

x1). If ¢ is not exceptional we de ne

(2:25(a)) Tp = T (M)mo O:
W (ko)

If o is exceptional we letT %2(M ) denote the ring generated by the operators
fT) for | - Mp; hai for (a;Mp) = 1;U,g. We choosem®to be a maximal
ideal of T %(M ) lying above m°for which there is an embeddingkpeo ! k (over
Ko = kmo) satisfying U, ! »(Frob p). (Note that , is specied by D.) Then
in the exceptional caseknw is either kg or its quadratic extension and we de ne

(2:25(b)) To = TX(M )meo O:
W (K, 00)

The omission of the Hecke operatord), for gjMo ensures thatT p is reduced.
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We need to relate T p to a Hecke ring with no missing operators in order
to apply the results of Section 1.

Proposition  2.15. In the nonexceptional case there is a maximal ideal
m for Ty (M) with m\ % (M) = m®and ko = kn, and such that the natural
map T (M)mo! Ty (M) is an isomorphism thus given

To" Tu(M)m O:
W (ko)

In the exceptional case the same statements hold with®replacing m% T %(M)
replacing T? (M) and kmo replacing ko.

Proof. For simplicity we describe the nonexceptional case indicating where
appropriate the slight modi cations needed in the exceptional case. To con-
struct m we take the eigenformfy obtain from the newform f of Theorem 2.14
by removing the Euler factors at all primesq2  fM[  pg: If ¢ is ordinary
and f has level prime top we also remove the Euler factor (1 , p °) where

p Is the non-unit eigenvalue inO¢ . (By ‘removing Euler factors' we mean
take the eigenform whoseL -series is that of f with these Euler factors re-
moved.) Thenfg is an eigenform of weight 2 on y (M) (this is ensured by the
choice off ) with O coe cients. We have a corresponding homomorphism

fo:TH(M)!1O ¢ andweletm= *():

Since the Hecke operators we have used to generale, (M) are prime to
the level these is an inclusion with nite index

TOM'YO
H(M) g

where g runs over representatives of the Galois conjugacy classes of newforms
associated to y (M) and where we note that by multiplicity one Oq4 can also be
described as the ring of integers generated by the eigenvalues of the operators
in T (M) acting on g. If we consider T (M) in place of TY, (M) we get a
similar map but we have to replace the ringOg by the ring

8
< X§ ' Xa  q(@ Xq g9 if g -level(g)
(2:26) Y=

Xg Xg  ag(9) if qj level(g);

where the Euler factor of g at g (i.e., of its associated L-series) is
1 4(@q °)1 4(9)q °)inthe rstcasesand (1 ag (g)q °)in the second

case, andq ' jj M=level(g) : (We allow ag (g) to be zero here.) Similarly Z, is
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de ned by
8 T
2 X5 a(@Xp+p g(p) if piM;p -level(g)
- Xp o a(9) if pjlevel(g);

where the Euler factor ofg at pis (1 ay(g)p S+ 4(p)p* 28) in the rst
two cases and (1 ap(g)p ®°) in the third case. We then have a commutative
diagram

TR(M) Og
g
3 3

(2:27) y o o y

Tv(M) Sg= " Og[Xq,:::t X s Xpl=f Yii Zpgioy

g g

where the lower map is given onfUq; U, or Tpg by Uy ! Xg ;U or
T, ! X, (according aspijM or p - M). To verify the existence of such a

homomorphism one considers the action off 4 M ) on the space of forms of
weight 2 invariant under (M) and uses that jr=1 g (m; z) is a free gener-
atoras aTy (M) C-module wherefg g runs over the set of newforms and
m; = M=level(g ):

Now we tensor all the rings in (2.27) with Z,. Then completing the top
row of (2.27) with respect to m® and the bottom row with respect to m we get

a commutative diagram

Q : Q
TEM)me O¢ Og;
? g ? m mo? 2
(2:28) ? ? ?
y Qy o y
Th(M)m ! Sy ' (Sg)m:
g m
Here runs through the primes abovep in each Oy for which mO ! under

THo(M) 1O 4: Now (Sqg)m is given by

(2:29) (S¢ Zp)m' (Og Zp)[qu;:::;er;Xp]:in;Zpg{:1
I

where Ay, denotes the product of the factors of the complete semi-local ring
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g 62 M and in which X, is a unit if we are in the ordinary case (i.e., when
piM ). This is becauseUy 2 mif ¢ 62 M and U, is a unit at m in the ordinary
case.

Now if m°! then in (Ag; ) we claim that Y; is given up to a unit by
Xq b forsomeb 2Oy with b =0if g 62 M: Similarly Z, is given up to a
unitby Xp,  p(g) where ,(g) is the unit root of x2 a,(g)x+ p 4(p) =0in
Ogy; if p - levelg and pfM and by X, a,(g) if pjlevelg or p - M. This
will show that (Ag: )m 'O 4 whenm®!  and (Ag. )m = O otherwise.

Forg 2 M and for p, the claim is straightforward. For g 62 M, it amounts
to the following. Let Uy denote the 2-dimensionalK gy, -vector space with
Galois action via 4; and let ng (g; ) =dim( Ug; )'ai . We wish to check that
Yi = unit :Xq in (Ag. )m and from the de nition of Y; in (2.26) this reduces
to checking thatr; = ng (g; )bythe ' ( 4) oftheorem (cf. [Cal]). We use
here that 4 (9); q (9) and aq (g) are p-adic units when they are nonzero since
they are eigenvalues of Frobg ). Now by de nition the power of ¢ dividing M
is the same as that dividingN ( o)qnq‘ (cf. (2.21)). By an observation of Livre
(cf. [Liv], [Ca2,x1]),

(2:30) ordg (levelg) = ord ¢ N o)qnqi ng (9 ) :

As by de nition ¢ jj(M=levelg) we deduce thatr; = nq (g; ) as reqired.
We have now shown that eachAg. 'O 4 (whenm®! ) and it follows
from (2.28) and (2.29) that we have homomorphisms

Y
TRM)me | Tu(M)m | Og;

g
m O

where the inclusions are of nite index. Moreover we have seen that; =0
in Th(M)y, for g 62 M: We now consider the primesg 2 M : We have
to show that the operators Uy for g 2 M are redundant in the sense that
they lie in TY (M )mo, i.e., in the Z,-subalgebra of T 4 (M )m generated by the
fTy:1-Mp;hai :a2 (Z=MZ) g. For 2 M of type (A), Ug 2 T (M )mo
as explained in Remark 2.9 are forg 2 M of type (B), Ug 2 T (M)mo as
explained in Remark 2.11. Forgq2 M of type (C) but not of type (A), Uy =0
by the ' ( g) theorem (cf. [Cal]). For in this caseny = 0 whence also
nq(g; ) =0 for each pair (g; ) with m°! : If ¢ is strict or Selmer at p then
U, can be recovered from the two-dimensional representation (described after
the corollaries to Theorem 2.1) as the eigenvalue of Frop on the (free, of rank
one) unrami ed quotient (cf. Theorem 2.1.4 of [Wi4]). As this representation
is de ned over the Z,-subalgebra generated by the traces, it follows thatU,
is contained in this subring. In the exceptional caseU, is in T 9%(M )meo by
de nition.

Finally we have to show that T, is also redundant in the sense explained
above whenp - M . A proof of this has already been given in Section 2 (Ribet's
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lemma). Here we give an alternative argument using the Galois representa-
tions. We know that T, 2 m and it will be enough to show that T, 2 (m?; p):
Writing kp, for the residue eld Ty (M )y,=m we reduce to the following situa-
tion. If Ty 62Am?; p) then there is a quotient

Th(M )mz(mz;p) Km[']= TH(M)n=a

where ky["] is the ring of dual numbers (so"? = 0) with the property that
T, 7! " with 80 and such that the image of T (M )mo lies in k. Let G=q
denote the four-dimensionalk,-vector space associated to the representation

1 Gal(Q=Q) !  GLa(km['])
induced from the representation in Theorem 2.1. It has the form
G-g ' Go=g Go=g

where Gg is the corresponding space associated toy by our hypothesis that

the traces lie inky. The semisimplicity of G- here is obtained from the main
theorem of [BLR]. Now G-, extends to a nite at group scheme G-z, .

Explicitly it is a quotient of the group scheme Jy (M )m[p]=z,. Since extensions
to Z, are unique (cf. [Rayl]) we know

G=z, ' Go=z, Go=z,:
Now by the Eichler-Shimura relation we know that in Jy (M )=f,
Tp=F+piFT:

SinceT, 2 mit follows that F + hpi FT =0on Go=r, and hence the same holds
on G=f,. But Tp is an endomorphism ofG-z  which is zero on the special
bre, so by [Rayl, Cor. 3.3.6], Tp =0 on G-z, . It follows that T, =0 in km["]
which contradicts our earlier hypothesis. SoT, 2 (m?;p) as required. This
completes the proof of the proposition.

From the proof of the proposition it is also clear that mis the unique max-
imal ideal of T (M) extending m® and satisfying the conditions that Uy 2 m
forq2 fM[ pgand U, 62mif ¢ is ordinary. For the rest of this chapter
we will always make this choice ofm (given o).

Next we dene Tp in the case whenD = (ord; ;O;M). If nis any
ordinary maximal ideal (i.e. U, 62n) of T (Np) with N prime to p then Hida
has constructed a 2-dimensional Noetherian local Hecke ring

Ty = €Ty (Npt )y :=lim €Ty (Np)n,

which is a = Zp[T]-algebra satisfyingT; =T ' Ty (Np),. Heren, is the
inverse image ofn under the natural restriction map. Also T =lim hL+ Npi 1
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and e = Iim Ug!: For an irreducible ( of type D we have de ned Tpo in
T
(2.25(a)), where D°= (Se; ;0O;M) by

TDOI TH(Mop)m O;
W

m

the isomorphism coming from Proposition 2.15. We will de ne T by

(2:31) To = eTu (Mop! )m O:
W (Km)

m

In particular we see that
(2:32) Tp=T" Tpo;

i.e., whereD%is the same asD but with “Selmer' replacing “ord'. Moreover if
qis a height one prime ideal ofTp containing (1+ T)?" (1+ Np)?"(k 2

for any integersn  0;k  2; then Tp=q is associated to an eigenform in a
natural way (generalizing the casen = 0; k = 2). For more details about these
rings as well as about -adic modular forms see for example [Wil] or [Hil].

For eachn 1let Ty = Ty (Mop")m,. Then by the argument given
after the statement ofTheorem 2.1 we can construct a Galois representation,
unrami ed outside Mp with values in GL (T ) satisfying trace ,(Frobl) = T;
det ,(Frob l) = IHi for (I;Mp) = 1. These representations can be patched
together to give a continuous representation

(2:33) =lim ,:Gal(Q =Q)! GL2(Tp)

where is the set of primes dividing Mp. To see this we need to check the
commutativity of the maps

R !' Ty,
& #
Tnl

where the horizontal maps are induced by , and , ; and the vertical map is
the natural one. Now the commutativity is valid on elements of R , which are
traces or determinants in the universal representation, since trace(Frolb) 7! T,
under both horizontal maps and similarly for determinants. Here R is the
universal deformation ring described in Chapter 1 with respect to ¢ viewed
with residue eld k = ky,. It su ces then to show that R is generated (topo-
logically) by traces and this reduces to checking that there are no nonconstant
deformations of ¢ to k["] with traces lying in k (cf. [Mal, x1.8]). For then if R"
denotes the closedV (k)-subalgebra ofR generated by the traces we see that
R" I (R =m?) is surjective, m being the maximal ideal of R , from which
we easily conclude thatR" = R . To see that the condition holds, assume
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that a basis is chosen so that ¢(c) = ( (1) i’) for a chosen complex cunjugation

cand o )=( i 3 )with b =1 and ¢ 6 0 for some . (This is possible
because  is irreducible.) Then any deformation [p] to k["] can be represented
by a representation such that (c¢) and ( ) have the same properties. It
follows easily that if the traces of lie in k then takes values ink whence
it is equal to . (Alternatively one sees that the universal representation can
be de ned over R by diagonalizing complex conjugation as before. Since the
two maps R ! T, ; induced by the triangle are the same, so the associ-
ated representations are equivalent, and the universal property then implies
the commutativity of the triangle.)

The representations (2.33) were rst exhibited by Hida and were the orig-
inal inspiration for Mazur's deformation theory.

For eachD = f; ;0O;Mg where is not unrestricted there is then a
canonical surjective map

ID:RD! TD

which induces the representations described after the corollaries to Theorem 2.1
and in (2.33). It is enough to check this whenO = W (ko) (or W (ko) in the
exceptional case). Then one just has to check that for every paird; ) which
appears in (2.28) the resulting representation is of typeD. For then we claim

that the image of the canonical mapRp ! %p = Oy; is Tp where here
denotes the normalization. (In the case where is ord this needs to be checked

instead for T, O for eachn.) For this we just need to see thatRp Is
W (ko)

generated by traces. (In the exceptional case we have to show also thal, is
in the image. This holds because it can be identi ed, using Theorem 2.1.4 of
[Wil], with the image of u 2 Rp where u is the eigenvalue of Frobp on the
unique rank one unrami ed quotient of R2 with eigenvalue  ,(Frob p) which
is speci ed in the de nition of D.) But we saw above that this was true for
R . The same then holds forRp asR ! Rp is surjective because the map
on reduced cotangent spaces is surjective (cf. (1.5)). To check the condition
on the pairs (g; ) observe rst that for g2 M we have imposed the following
conditions on the level and character of suchy's by our choice ofM and H:

q of type (A): qjj level g;det g =1,

lq

q of type (B): cond jj levelg;det 4. = ;

lq

q of type (C): det g, | is the Teichmualler lifting of det o

q Iq
In the rst two cases the desired form of g 5 then follows from the

g ( g) theorem of Langlands (cf. [Cal]). Theqthird case is already of
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type (C). For g = p one can use Theorem 2.1.4 of [Wil] in the ordinary case,
the at case being well-known.

The following conjecture generalized a fundamantal conjecture of Mazur
and Tilouine for D = (ord; ;W (ko); ); cf. [MT].

Conjecture  2.16.' p is an isomorphism.

Equivalently this conjecture says that the representation described after
the corollaries to Theorem 2.1 (or in (2.33) in the ordinary case) is the universal
one for a suitable choice oH; N and m. We remind the reader that throughout
this section wepare assuming that ifp = 3 then ¢ is not induced from a
character of Q("  3).

Remark. The case of most interest to us is whenp = 3 and , is a
representation with values in GL,(F3). In this case it is a theorem of Tunnell,
extending results of Langlands, that ¢ is always rBoduIar. For GLy(F3) is a
double cover ofS; and can be embedded in GL(Z[ 2]) whence in GLy(C);
cf. [Se] and [Tu]. The conjecture will be proved with a mild restriction on
at the end of Chapter 3.

Remark. Our original restriction to the types (A), (B), (C) for o was
motivated by the wish that the deformation type (a) be of minimal conduc-
tor among its twists, (b) retain property (a) under unrami ed base changes.
Without this kind of stability it can happen that after a base change of Q to an
extension unramied at ; ¢ has smaller "conductor' for some character

. The typical example of this is where ¢ 5 =Ind S“( ) with g 1(p) and

is a rami ed character over K, the unrami ed quadratic extension of Q.
What makes this di cult for us is that there are then nontrivial rami ed local
deformations (Ind(Kgp for a ramied character of order p of K) which we
cannot detect by a change of level.

For the purposes of Chapter 3 it is convenient to digress now in order to
introduce a slight varient of the deformation rings we have been considering
so far. Suppose thatD = (; ;O;M) is a standard deformation problem
(associated to o) with = Se, str or and suppose that H;M ;M and m
are de ned as in (2.24) and Proposition 2.15. We choose a nite set of primes
Q= fwoq;:::;09 with g - Mp. Furthermore we assume that eachg  1(p)
and that the eigenvaluesf ; g of o(Frob g) are distinct for each g 2 Q.
This last condition ensures that ( does not occur as the residual representation
of the -adic representation associated to any newform on 4 (M;qQ1:::¢)
where anyq divides the level of the form. This can be seen directly by looking
at (Frob g) in such a representation or by using Proposition 2.4' at the end of
Section 2. It will be convenient to assume that the residue eld ofO contains

i; i foreachq.
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Pick ; for eachi. We let Dg be the deformation problem associated to
representations of Gal(Q [ o=Q) which are of type D and which in addition
satisfy the property that at each g 2 Q

(2:34) L
Dy; 2;0i

with 2., unramied and ;4 (Frob g) i mod m for a suitable choice of
basis. One checks as in Chapter 1 that associated tBq there is a universal
deformation ring Rq. (These new contions are really variants on type (B).)
We will only need a corresponding Hecke ring in a very special case and it

is convenient in this case to de ne it using all the Hecke operators. Let us now
setN = N( o)p ( °) where ( o) in as de ned in Theorem 2.14. Letmg denote
a maximal ideal of Ty (N) given by Theorem 2.14 with the property that

mo 0 overfp relative to a suitable embedding ofkm, ! k overkg. (In the
exceptional case we also impose the same condition @my about the reduction
of Up as in the de nition of Tp in the exceptional case before (2.25)(b).) Thus

m, . mod over the residue eld of O, for some choice off and
with f of level N. By dropping one of the Euler factors at eachqg as in the
proof of Proposition 2.15, we obtain a form and hence a maximal ideaing of
TH(NQgy:::qg) with the property that  ,, * o over F, relative to a suitable
embeddingkny, ! k overkm,. The eld ky, is the extension ofko (or Ko in
the exceptional case) generated by the ;; ;. We set

(2:35) To=TH(NGL:::G)mg O:
W (k)

It is easy to see directly (or by the arguments of Proposition 2.15) that
T o is reduced and that there is an inclusion with nite index

Y
(2:36) Qq! To= Oy

where the product is taken over representatives of the Galois conjugacy classes
of eigenformsg of level Ng; :::g with mg ! . Now de ne Dg using the
choices ; for which Ug ! i under the chosen embeddingk,, ! k: Then
each of the 2-dimensional representations associated to each fact@y, is of
type Dgo. We can check this for eachq 2 Q using either the 4 ' ( )
theorem (cf. [Cal]) as in the case of type (B) or using the Eichler-Shimura
relation if g does not divide the level of the newform associated tg. So we get

a homomorphism ofO-algebrasRq ! T and hence also arO-algebra map

(2:37) ' Q :RQ ! TQ

as Rq is generated by traces. This is not an isomorphism in general as we
have usedN in place of M. However it is surjective by the arguments of
Proposition 2.15. Indeed, forgiN ( o)p, we check that Uy is in the image of
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' o using the arguments in the second half of the proof of Proposition 2.15.
For g 2 Q we use the fact that U, is the image of the value of ».4(Frobq)
in the universal representation;cf. (2.34). ForgM, but not of the previous
types, Tq is a trace in 1, and we can apply the Cebotarev density theorem
to show that it is in the image of ' q.

Finally, if there isa section :Tqg !O ,thensetpg =ker andlet , de-
note the 2-dimensional representation to Glp(O) obtained from 1, mod pg.
Let V =Ad , . K=0O whereK is the eld of fractions of O. We pick a basis

for , satisfying (2.34) and then let

@ - ao
v 0O 0
(2:38) b
Ad , K=0O-= a rajb;c;d20 K=0
o c d 0

and let V) = V=V(4)  Then as in Proposition 1.2 we have an isomorphism

(2:39) Homo (Pre =P3, 1 K=0) ' HE (Q [o=Q:V)

wherepr, =ker( ' g) and the second term is de ned by

N4
(2:40) Hg, (Q [o=Q;V)=ker: H5(Q [o=Q;V)! HY Q4" : Vig)):
i=1

We return now to our discussion of Conjecture 2.16. We will call a de-
formation theory D minimal if = M[f pg and is Selmer, strict or at.
This notion will be critical in Chapter 3. (A slightly stronger notion of mini-
mality is described in Chapter 3 where the Selmer condition is replaced, when
possible, by the condition that the representations arise from nite at group
schemes - see the remark after the proof of Theorem 3.1.) Unfortunately even
up to twist, not every ( has an associated minimaD even when o is at or
ordinary at p as explained in the remarks after Conjecture 2.16. However this
could be achieved if one replaced) by a suitable nite extension depending
on g.

Suppose now thatf is a (normalized) newform, is a prime of O; abovep
and f; adeformation of ¢ of type D whereD =( ; ;O ;M) with =Se,
str or . (Strictly speaking we may be changing o as we wish to choose its
eld of de nition to be k = Of. = .) Suppose further that level(f )jM where
M is de ned by (2.24).

Now let us setO = Oy. for the rest of this section. There is a homomor-
phism

(2:41) = ps:Tp!O
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whose kernel is the prime idealpy + associated tof and . Similary there is
a homomorphism
Rp 'O

whose kernel is the prime idealprs associated tof and and which factors
through ¢. Pick perfect pairings of O-modules, the second ond p -bilinear,

(2:42) OO0l ;: h:i:Tp Tp!'O

In each case we use the term perfect pairing to signify that the pairs of induced
maps O ! Homp(0O;0) and Tp ! Homg(Tp;O) are isomorphisms. In
addition the second one is required to bd p -linear. The existence of the second
pairing is equivalent to the Gorenstein property, Corollary 2 of Theorem 2.1,
as we explain below. Explicitly if h is a generator of the freeT p-module
Homg (Tp; O) we sethty;toi = h(tsity):

A priori Ty (M) (occurring in the description of T p in Proposition 2.15)
is only Gorenstein as aZ,-algebra but it follows immediately that it is also a
Gorenstein W (km)-algebra. (The notion of Gorenstein O-algebra is explained
in the appendix.) Indeed the map

Homw (k) T (M)m;W(kn) ! Homz, Th(M).Z,

given by ' 7! trace ' is easily seen to be an isomorphism, as the reduction
mod p is injective and the ranks are equal. ThusT p is a GorensteinO-algebra.

Now let » : O ! Tp be the adjoint of with respect to these pairings.
Then de ne a principal ideal ( ) of Tp by

()=Cois)=("1D):

This is well-de ned independently of the pairings and moreover one sees that

Tp= s torsion-free (see the appendix). From its description () is invariant

under extensions ofO to O%in an obvious way. SinceT p is reduced ( ) 6 0:
One can also verify that

(2:43) ()=h; i

up to a unitin O.

We will say that D; D if we obtain D; by relaxing certain of the
hypotheses onD, i.e., if D =(; ;O;M)and D; =(; 1;01;M ;) we allow
that 1 ,any O;;M M  (but of the same type) and if is Se or str
in D it can be Se, str, ord or unrestricted inD4, if is in Dj it can be
or unrestricted in D;. We use the term restricted to signify that is Se, str,

or ord. The following theorem reduces conjecture 2.16 to a “class number'
criterion. For an interpretation of the right-hand side of the inequality in
the theorem as the order of a cohomology group, see Propostion 1.2. For an
interpretation of the left-hand side in terms of the value of an inner product,
see Proposition 4.4.
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Theorem 2.17. Assume as above that ¢ is a deformation of ( of
typeD=(; ;0= 0 ;M) with =Se; str or : Suppose that

#0= (ps) #Ppri :sz;f :
Then
() ' p, :Rp, " Tp, is an isomorphism for all (restricted) D; D .

(i) Tp, is a complete intersection(over Oy if is Se, stror ) for all re-
stricted D; D .

Proof. Let us write T for Tp, pr for pr, pr for prt and for .
Then we always have

(2:44) #0=  #pr=p::

(Here and in what follows we sometimes write for ( ) if the context makes

this reasonable.) This is proved as follows.T = acts faithfully on pr. Hence

the Fitting ideal of pr as aT= -module is zero. The same is then true of
pr=p? as anO= = (T=)=pr-module. So the Fitting ideal of pr =p? as an

O-module is contained in ( ) and the conclusion is then easy. So together with
the hypothesis of the theorem we get inequality (and hence equalities)

#0= () #pr=pr #pr=pt #0= ()

By Proposition 2 of the appendix T is a complete intersection overO. Part (ii)
of the theorem then follows forD. Part (i) follows for D from Proposition 1 of
the appendox.

We now prove inductively that we can deduce the same inequality

(2:45) #01= Dyt # PRy :szl;f

for D1y D and R; = Rp,. The above argument will then prove the theorem
for D1. We explain this rstin the case D; = Dq whereDq di ers from D only
inreplacing by [f qg. Letus write T for Tp,;priq for prs With R = Rp,
and 4 for p. ;. We recall that U; =0in Tg.

We choose isomorphisms

(2:46) T ' Homgo(T;O0); Tq' Homgo(Tg; O)

coming from the fact that each of the rings is a GorensteinO-algebra. If

q:Tq! T isthe natural map we may consider the element = 4 "2 T
where the adjoint is with respect to the above isomorphisms. Then it is clear
that

(2:47) alq) =C o

as principal ideals of T. In particular ( q)= ( 4)in O.
Now it follows from Proposition 2.7 that the principal ideal () is given by

(2:48) (= (@ 1*T3 hdid+9?) :
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In the statement of Proposition 2.7 we usedZ ,-pairings
T' Homz (T;Zp); Tq' Homz (Tq;Zp)

todene ( q) = ( q ”g): However, using the description of the pairings
as W (km)-algebras derived from theseZ,-pairings in the paragraph following
(2.42) we see that the ideal ( ¢) is unchanged when we uséV (ky)-algebra
pairings, and hence also when we extend scalars © as in (2.42).
On the other hand
n o]
#Prq=Prq H#PrRTPr # O=(q 1)° T§ hai(l+ g

by Propositions 1.2 and 1.7. Combining this with (2.47) and (2.48) gives (2.45).

If M 6= we use a similar argument to pass fronD to Dy where this time
Dq signi es that D is unchanged except for droppingg from M . In each of
types (A), (B), and (C) one checks from Propositions 1.2 and 1.8 that

#Prg=Pag #PrRTPR #H°(QqV ):

This is in agreement with Propositions 2.10, 2.12 and 2.13 which give the
corresponding change in by the method described above.

To change from an O-algebra to an O;-algebra is straightforward (the
complete intersection property can be checked using [Kul, Cor. 2.8 on p. 209]),
and to change from Se to ord we use (1.4) and (2.32). The change from str
to ord reduces to this since by Proposition 1.1 strict deformations and Selmer
deformations are the same. Note that for the ord case iR is a local Noetherian
ring and f 2 R is not a unit and not a zero divisor, then R is a complete
intersection if and only if R=f is (cf. [BH, Th. 2.3.4]). This completes the
proof of the theorem.

Remark 2.18. If we suppose in the Selmer case thdt has levelN with
p - N we can also consider the ringl 4y (Mo)m, (with Mo as in (2.24) andmg
de ned in the same way as forT 4 (M)): This time set

To= ThH(Mo)m, O; T=Th(M)n O:
W (Kmg) W (km)

De ne o; ; po and p with respect to these rings, and let ( ,) = , “p where
p . T ! Toand the adjoint is taken with respect to O-pairings on T and To.
We then have by Proposition 2.4

(2:49) (p)=C p)= TS hpi@+p? = (a hpi)

as principal ideals of T, where a, is the unit root of x> T,x + phpi =0:

Remark. For some earlier work on how deformation rings change with
see [Bo].
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Chapter 3

In this chapter we prove the main results about Conjecture 2.16. We
begin by showing that bound for the Selmer group to which it was reduced
in Theorem 2.17 can be checked if one knows that the minimal Hecke ring
is a complete intersection. Combining this with the main result of [TW] we
complete the proof of Conjecture 2.16 under a hypothesis that ensures that a
minimal Hecke ring exists.

Estimates for the Selmer group

Let o:Gal(Q =Q)! GL,(k)be an odd irreducible representation which
we will assume is modular. LetD be a deformation theory of type (; ;O;M)
such that ¢ is type D, where is Selmer, strict or at. We remind the reader
that k is assumed to be the residue eld ofO. Then as explained in Theorem
2.14, we can pick a modular lifting . of o of type D (altering k if necessary
and replacing O by a rbng containing Of. ) provided that o is not induced
from a character of Q("  3) if p = 3. For the rest of this chapter, we will
make the assumption that ¢ is not of this exceptional type. Theorem 2.14 also
speci es a certain minimum level and character forf and in particular ensures
that we can pick f to have level prime to p when ojp, is associated to a nite
at group scheme overZ, and det oj;, = !.

In Chapter 2, Section 3, we de ned a ringT p associated toD. Here we
make a slight modi cation of this ring. In the case where is Selmer and ojp,
is associated to a nite at group scheme and det oj;, = ! we set

(3:1) To, = TH(Mo)mg o
W (ko)

with Mg as in (2.24), H de ned following (2.24) (it is actually a subgroup
of (Z=MoZ) ) and m§ the maximal ideal of T (Mo) associated to . The
same proof as in Proposition 2.15 ensures that there is a maximal ideahy of
Th (Mo) with mp\ TY (Mo) = m§ and such that the natural map

(3:2) TD0=T&(Mo)mgW(k O! Tu(Mo)m, O

0 W (ko)

is an isomorphism. The maximal idealmy which we choose is characterized by
the properties that n, = ¢ and Uy 2 mg for q 2 M[f pg. (The value of
Tp or of Uy for g2 M is determined by the other operators; see the proof of
Proposition 2.15.) We now de ne T p, in general by the following:
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Tp, is given by (3.1) if is Se and ojp, is associated
to a nite at group scheme over Z, and
det oji, = !;

(3.3)

Tp,=Tp if isstror ,or ¢jDp is not associated
to a nite at group scheme over Z,, or
det oj|p 6 I

We choose a pair {; ) of minimum level and character as given by Theo-
rem 2.14 and this gives a homomorphism 00O-algebras

f :Tcap, 'O O

We setpr =ker ; and similarly we let prs denote the inverse image opr
in Rp. We de ne a principal ideal ( 1) of Tp, by taking an adjoint *; of
with respect to parings as in (2.42) and write

T4 = (" (1):

Note that pr :p$ ¢ Is nite and ¢( 1) 6 O becauseTp, is reduced. We
also write 1 for ( 1) if the context makes this usage reasonable. We let

Vi =Ad , K=O where , is the extension of scalars of . to O.
®)

P
Theorem 3.1. Assume thatD is minimal, |qe = M[f pg, and that

o iIs absolutely irreducible when restricted toQ ( 1)'371p : Then

() # H3(Q =Q:Vr) #(pris=p5 ) q=H#(O= 1)

where ¢, = #( O:U§ hpi) <1 when o is Selmer and ojp, is associated to
a nite at group scheme over Z, and det oj;, = !; andc, = 1 otherwiseg

(i) if Tp, is a complete intersection overO then (i) is an equality, Rp '
Tp and Tp is a complete intersection.

In general, for any (not necessarily minimal) D of Selmer, strict or at
type, and any ¢ of typeD;#H3(Q =Q;V;) < 1 if o is as above.

Remarks. The niteness was proved by Flach in [FI] under some restric-
tions on f;p and D by a di erent method. In particular, he did not consider
the strict case. The bound we obtain in (i) is in fact the actual order of
H3(Q =Q;Vt) as follows from the main result of [TW] which proves the hy-
pothesis of part (ii). Then applying Theorem 2.17 we obtain the order of this
group for more generalD's associated to ¢ under the condition that a minimal
D exists associated to o. This is stated in Theorem 3.3.
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The case where the projective representation associated toy is dihedral
does not always have the property that a twist of it has an associated minimal
D. In the case where the associated quadratic eld is imaginary we will give a
di erent argument in Chapter 4.

Proof. We will assume throughout the proof that D is minimal, indicating
only at the end the slight changes needed fot the nal assertion of the theorem.
Let Q be a nite set of primes disjoint from satisfying q 1(p) and o(Frobq)
having distinct eigenvalues for eachq 2 Q. For the minimal deformation
problemD =( ; ;O;M), let Dg be the deformation problem described before
(2.34); i.e., itis the renement of (; [ Q;O;M ) obtained by imposing the
additional restriction (2.34) at each q2 Q. (We will assume for the proof that
O is chosen sdO= = k contains the eigenvalues of o(Frob q) for eachg?2 Q.)
We set

T:TDO; R = RD

and recall the de nition of T and Rq from Chapter 2, x3 (cf. (2.35)). We
write V for V¢ and recall the de nition of Vq following (2.38). Also remember
that mg is a maximal ideal of Ty (Nq;:::q) as in (2.35) for which , ' o
over F,, (recall that this uses the same choice of embedding,, ! k asin
the de nition of Tg). We usemg also to denote the maximal ideal of T o if
the context makes this reasonable.

Consider the exact and commutative diagram

0 ! Hé(Q :Q,V) ! Hl%Q(Q [Q:Q,V) |Q Q Hl(Qg”r,V(Q))Gal(ng =Qq)
qz2Q
jo jo
2
0 ! (Pr=p3) ! (pRQ:pZRQ) 3Q
0! () ! (pro=,)  1° Kol O
T Q PTgq Q

whereK q is by de nition the cokernel in the horizontal sequence and denotes
Homg ( ; K=0) for K the eld of fractions of O. The key result is:

Lemma 3.2. The map o is injective for any nite set of primes Q
satisfying

q 1(p);TZ 6 hoi(1+ g)’modmforall g 2 Q:

Proof. Note that the hypotheses of the lemma ensure that o(Frob g) has
distinct eigenvaluesw for eachq 2 Q: First, consider the idealag of Rg de ned
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by

a;

(B4) ag = a Lbicid 1: o 4

= DQ( I)Wlth |2|q.1q2Q

Then the universal property of Rg shows that Rg=ag ' R: This permits us
to identify (pr=p3) as

(Pr=PR) = ff 2 (Pro=PR,) :f(aQ)=00:

If we prove the same relation for the Hecke rings, i.e., withT and T  replacing
R and Rq then we will have the injectivity of . We will write aqg for the
image ofag in T under the map' o of (2.37).

It will be enough to check that for any q2 Q% Q°a subset ofQ; T go=aq '
Tqot g9 Where aq 5 dened as in (3.4) but with Q replaced by g. Let
NO= N(o)p(® T,,001 oG Where ( o) is as dened in Theorem 2.14.

Then take an element 2 Iy  Gal(Qq=Qq4) wWhich restricts to a generator
of Gal(Q( nog=Q( no)): Then det( ) = Hg4i 2 Tqo in the representation to
GL2(T o) de ned after Theorem 2.1. (Thus t; 1(N9 and t4 is a primitive
root mod q.) It is easily checked that

(3:5) I (N®Dmgo(Q) In (Nmgo(QMMG L1

Here H is still a subgroup of (Z=MyZ) . (We use here that ¢ is not redblcible
for the injectivity and also that ¢ is not induced from a character ofQ("  3)
for the surjectivity when p = 3. The latter is to avoid the rami cation points of
the covering Xy (N%) ! Xy (N%q) of order 3 which can give rise to invariant
divisors of X 4 (N %) which are not the images of divisors onXy (N q):)

Now by Corollary 1 to Theorem 2.1 the Pontrjagin duals of the modules
in (3.5) are free of rank two. It follows that

(3:6) (Tu (NBO)myo)*=(hgi  1)" (T (N mgo)”:

The hypotheses of the lemma imply the condition that o(Frob g) has distinct
eigenvalues. So applying Proposition 2.4' (at the end o&2) and the remark
following it (or using the fact remarked in Chapter 2, x3 that this condition
implies that  does not occur as the residual representation associated to any
form which has the special representation ag) we see that after tensoring over
W (km,) with O, the right-hand side of (3.6) can be replaced byTéof ag thus
giving

T80, ' TH

QO:aq Of qg!

since tgi 1 2 a;. Repeated inductively this gives the desired relation
To=ag ' T, and completes the proof of the lemma.
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Suppose now thatQ is a nite set of primes chosen as in the lemma. Recall
that from the theory of congruences (Prop. 2.4" at the end ofx2)
Y
Tee =74 = (q 1)
a2Q

the factors ( g h qi) being units by our hypotheses onq2 Q. (We only need
that the right-hand side divides the left which is somewhat easier.) Also, from
the theory of Fitting ideals (see the proof of (2.44))

#(pr=p;) #(O=r1,)
We dedeuce that I

#Kg # O Y(q 1) t!
a2Q
wheret = #( pr =p2 )=#( O= 1 ): Since the range of o has order given by
C .y )
# O (@ 1) ;
a2Q

we compute that the index of the image of g is t as g is injective.

Keeping our assumption onQ from Lemma 3.2, consider the kernel of M
applied to the diagram at the beginning of the proof of the theorem. Then
with M chosen large enough so that M annihilates pr=p2 (which is nite
becauseT is reduced) we get:

01 HE(Q =Q:VIMD! HE(Q o=Q:VI MK SQHl(Qa“f;vw M e QdT =ew
q

Q " Q
0! (pr=p}) b o(prep ) [V] ! Kol M1t (pr=p?) :

See (1.7) for the justi cation that M can be taken inside the parentheses in
the rst two terms. Let Xq = o((Pro=pf,) [ M1): Then we can estimate
the order of o(Xg) using the fact that the image if g has index at mostt.

We get
|
y |
(3:7) # o(Xq) #0=( M;q 1) (1=t) (1=H(pr=p})):
92Q

Now we chooseQ to be a set of primes with the property that

Y
(3:8) "o tHE (Q =Q;V u)! H*(Qq;V w)
a2Q



522 ANDREW JOHN WILES

is injective. We also keep the condition that q is injective by only allowing
Q to contain primes of the form given in the lemma. In addition, we require
theseq's to satisfy g 1(pM):

To see that this can be done, suppose thak 2 ker"g and x = 0 but
x 6 0. We have a commutative diagram

HYQ =Q;V,[] !° ° HYQqV w)l ]
g2Q
jo jo
HIQ =iv)  1° O HYQgV)
g2Q

the left-hand isomorphisms coming from our particular choices ofg's and the
left-hand isomorphism from our hypothesis on o. The same diagram will hold
if we replaceQ by Qo = Q[f gg and we now need to show that we can choose
O so that "g,(x) 6 0:

The restriction map

HY3(Q =Q;V )! Hom(Gal(Q=Ko( p));V )SalKoe( =)

has kernelH *(Ko( p)=Q; k(1)) by Proposition 1.11 where hereK is the split-
ting eld of . Now if x 2 H1(Ko( p)=Q;k(1)) and x 6 0 then p =3 and x
factors through an abelian extensionL of Q( 3) of exponent 3 which is non-
abelian over Q. In this exeptional case, L must ramify at some prime q of
Q( 3), and if g lies over the rational prime g 6 3 then the composite map

H (Ko( 3)=Q;k(1)) ! HHQE™ k() ! HYQg™;(0= "))

is nonzero onx. But then x is not of type O, which gives a contradiction. This
only leaves the possibility that L = Q( 3; ~ 3) but again this means that x is
not of type D as locally at the prime above 3,L is not generated by the cube
root of a unit over Q3( 3). This argument holds whether or not D is minimal.
So x, which we view in ker"q, gives a nontrivial Galois-equivalent ho-
momorphismfy 2 Hom(Gal(Q=Ko( p));V ) which factors through an abelian
extension My of Ko( p) of exponent p. Speci cally we chooseMy to be the
minimal such extension. Assume rst that the projective representation
associated to  is not dihedral so that Sym? q is absolutely irreducible. Pick

a 2 Gal(My( v )=Q) satisfying

(3.9) () o( ) bhasorderm 3 with (m;p)=1;
(i) xes Q(det o)( pm );
(iii) fx( ™) 60:

To show that this is possible, observe rst that the rst two conditions can
be achieved by Lemma 1.10(i) and the subsequent remark. Let; be an el-
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ement satisfying (i) and (ii) and let ; denote its image in GalKo( p)=Q):
Then h 4i acts on G = Gal( My=Kg( p)) and under this action G decom-
poses asG' G; G? where ; acts trivially on G; and without xed points
on GY. If X is any irreducible Galois stablek-subspace off (G) F, K then
ker( 1 1)jx 6 O since Synt  is assumed absolutely irreducible. So also
ker( 1 1)js,(c) 6 0 and thus we can nd 2 G; such that f,( ) 6 O:
Viewing as an element ofG we then take

1= 12 Gal(Mx( pu )=Ko( p)) © G Gal(Ko( pm )=Ko( p))

(This decomposition holds becauseM is minimal and because Syr ¢ and

p are distinct from the trivial representation.) Now 1 commutes with ; and
either fx(( 1 1)™) 6 0 or fx( ") 6 0: Since o( 1 1) = o 1) this gives
(3.9) with at leastoneof = ; ;or = ;. We may then chooseq, so that
Frobg = and we will then have"q,(x) 6 0. Note that conditions (i) and (ii)
imply that o 1(p) and also that o( ) has distinct eigenvalues, thus giving
both the hypothses of Lemma 3.2.

If on the other hand ~ is dihedral then we pick 's satisfying

() ~o( )61,
(i)  xes Q( pm);
(i) fx( ™) 60,
with m the order of ¢( ) (and p-m since v is dihedral). The rst two condi-
tions can be achieved using Lemma 1.12 and, in addition, we can assume that
takes the eigenvalue 1 on any given irreducible Galois stable subspacé
of W k. Arguing as above, we nd a 2 G; such that fy( ) 6 0 and
we proceed as before. Again, conditions (i) and (ii) imply the hypotheses of

Lemma 3.2. So by successively adjoining's we can assume thatQ is chosen
so that "q is injective.

set of primesqg  1(pM ) satisfying the hypotheses of Lemma 3.2 as well as the
injectivity of " in (3.8). By Proposition 1.6, the injectivity of "o implies that

Y
(3:10) #HE(Q [o=QiVg[ ] = hy hg:
a2 [Q

Here we are using the convention explained after Propo$ion 1.6 todendd}:
Now, as D was chosen to be minimal,hq = 1 for q 2 f pg by Proposi-
tion 1.8. Also, hq = #( O=M)2 for g2 Q. If isstror then h; h, =1
by Proposition 1.9 (iv) and (v). If is Se,hy hy ¢, by Proposition 1.9 (iii).
(To compute this we can assume thatl, acts on W° via ! , as otherwise we



524 ANDREW JOHN WILES

gethy h, 1. Then with this hypothesis, (W% ) is easily veri ed to be un-
rami ed with Frob p acting as UZhpi * by the description of  jp, in [Wil,
Th. 2.1.4].) On the other hand, we have constructed classes which are rami ed
at primes in Q in (3.7). These are of typeDg. We also have classes in

Hom(Gal(Q [o=Q);0=M)= HYQ (¢=Q;0=M)] HYQ [o=Q;V w)

coming from the cyclotomic extensionQ( ¢, ::: ¢ ): These are of typeD and
disjoint from the classes obtained from (3.7). Combining these with (3.10)
gives

#H5(Q =Q;i[ M) t #(prp?) o

as required. This proves part (i) of Theorem 3.1.

Now if we assume thatT is a complete intersection we have thatt = 1
by Proposition 2 of the appendix. In the strict or at cases (and indeed in
all cases wherec, = 1) this implies that Rp ' Tp by Proposition 1 of the
appendix together with Proposition 1.2. In the Selmer case we get

(3:11) #(prp7) G =#(0=14)6 =#0=1,,) # pro=7,)

where the central equality is by Remark 2.18 and the right-hand inequality
is from the theory of Fitting ideals. Now applying part (i) we see that the
inequality in (3.11) is an equality. By Proposition 2 of the appendix, Tp is
also a complete intersection.

The nal assertion of the theorem is proved in exactly the same way on
noting that we only used the minimality to ensure that the hy's were 1. In
general, they are bounded independently oM and easily computed. (The only
point to note is that if ¢ is multiplicative type at q then . . does not

split.)

Remark. The ring Tp, de ned in (3.1) and used in this chapter should
be the deformation ring associated to the following deformation prblemDy.
One alters D only by replacing the Selmer condition by the condition that the
deformations be at in the sense of Chapter 1, i.e., that each deformation
of o to GL2(A) has the property that for any quotient A=a of nite order,

jo,moda is the Galois representation associated to theQ,-points of a nite
at group scheme over Z,. (Of course, ¢ is ordinary here in contrast to our
usual assumption for at deformations.)

i

From Theorem 3.1 we deduce our main results about representations by
using the main result of [TW], which proves the hypothesis of Theorem 3.1
(if), and then applying Theorem 2.17. More precisely, the main result of [TW]
shows that T is a complete intersection and hence thatt = 1 as explained
above. The hypothesis of Theorem 2.17 is then given by Theorem 3.1 (i),
together with the equality t = 1 (and the central equality of (3.11) in the
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Selmer case) and Proposition 1.2. Strictly speaking, Theorem 1 of [TW] refers
to a slightly smaller class ofD's than those covered by Theorem 3.1 but up to
a twist every such D is covered. It is straightforward to see that it is enough
to check Theorem 3.3 for o up to a suitable twist.

Theorem 3.3. assume that o is modular and absolutely irreducible

when restricted toQ  ( 1)pTlp . Assume also that ¢ is of type (A), (B)

or (C) ateachq6 pin . Thenthe map' p : Rp ! Tp of Conjecture 2.16
is an isomorphism for all D associated to o, i.e., whereD =( ; ;0O;M ) with

= Se;str; or ord. In particular if = Se;str or andf is any newform
for which ¢ is a deformation of ¢ of type D then

#HI%(Q :vaf):#( O= D;f)< 1

where p ¢ is the invariant de ned in Chapter 2 prior to (2.43).

The condition at q6 p in ensures that there is a minimal D associated
to . The computation of the Selmer group follows from Theorem 2.17 and
Proposition 1.2. Theorem 0.2 of the introduction follows from Theorem 3.3,
after it is checked that a twist of a o as in Theorem 0.2 satis es the hypotheses
of Theorem 3.3.

Chapter 4

In this chapter we give a di erent (and slightly more general) derivation
of the bound for the Selmer group in the CM case. In the rst section we
estimate the Selmer group using the main theorem of [Ru 4] which is based on
Kolyvagin's method. In the second section we use a calculation of Hida to relate
the -invariant to special values of anL -function. Some of these computations
are valid in the non-CM case also. They are needed if one wishes to give the
order of the Selmer group in terms of the special value of ah -function.

1. The ordinary CM case

In this section we estimate the order of the Selmer group in the ordinary
CM case. In Section 1 we use the proof of the main conjecture by Rubin to
bound the Selmer group in terms of anL -function. The methods are standard
(cf. [de Sh]) and some special cases have been described elsewhere (cf. [Guo]).
In Section 2 we use a calculation of Hida to relate this to the -invariant.

We assume that

(4:1) =Ind? :Gal(Q=Q)! GL(O)
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is the p-adic representation associated to a character : Gal(L=L) 'O  of an
imaginary quadratic eld L. We assume thatp is unramied in L and that
factors through an extension ofL whose Galois group has the formtA " Z, T
where T is a nite group of order prime to p. The ring O is assumed to be the
ring of integers of a local eld with maximal ideal and we also assume that

is a Selmer deformation of o = mod which is supposed irreducible with
det oji, = !: In particular it follows that p splits in L;p = pp say, and that
precisely one of ; isramied at p( being the character ! ( h
for any representing the nontrivial coset in Gal(Q=Q)=Gal(Q=L)): We can
suppose without loss of generality that is rami ed at p.

We consider the representation modulev ' (K=0)* (whereK is the eld

of fractions of O) and the representation is Ad : In this caseV splits as

V'Y (K=0) ) K=O

where is the quadratic character of Gal(Q=Q) associated toL. We let
denote a nite set of primes including all those which ramify in  (and in
particular p). Our aim is to compute H (Q =Q;V): The decomposition of
V gives a corresponding decomposition ofi 1(Q =Q;V) and we can use it to
dene H (Q =Q;Y): SinceWw? Y (see Chapter 1 for the de nition of W?°)
we can de neH,(Q =Q;Y) by

H3(Q =Q:;Y)=kerfHY(Q =Q;Y)! HXQU";Y=W)g:

Let Y be the arithmetic dual of Y, i.e., Hom(Y; 1) Qp=Z,. Where
for "= and let L( ) be the splitting eld of . Then we claim that

Gal(L( )=L)' Z, T°with T%a nite group of order prime to p. For this
it is enough to show that = =" factors through a group of order prime
to psince = 2 ! Suppose that has orderm = mgp" with (mg;p) = 1.
Then ™Mo extends to a character ofQ which is then unrami ed at p since the
same is true of . Also it factors through an abelian extension ofL with Galois
group isomorphic to Zf) since factors through such an extension with Galois
group isomorphic to Zﬁ T1 with T3 of order prime to p (the composite of the
splitting elds of and ). It follows that ™o is also unrami ed outside p,
whence it is trivial. This proves the claim.

Over L there is an isomorphism of Galois modules

Y ' (K=0)( ) (K=0)( *"?):
In analogy to the above we de neH (Q =Q;Y ) by
Hi(Q =Q;Y )=kerfH'(Q =Q;Y )! HM(Qp";(W°) )g:

Analogous de nitions apply if Y is replaced byY ,. Also we say informally
that a cohomology class is Selmer ap if it vanishes in H*(Qp™ ; (W?) ) (resp.
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H 1(Qg”f;(W°n) )): Let M1 be the maximal abelian p-extension ofL( ) un-
rami ed outside p. The following proposition generalizes [CS, Prop. 5.9].

Proposition  4.1. There is an isomorphism
HL (Q =Q:;Y )! Hom(Gal(M; =L( ));(K=0)( ))ca(t()=L)

whereH} . denotes the subgroup of classes which are Selmergand unram-

i ed everywhere else.
Proof. The sequence is obtained from the in ation-restriction sequence as
follows. First we can replaceH(Q =Q;Y ) by

n (0]
HYQ =L;(K=0)( )) H' Q =L;(K=0)( *"?

where = Gal( L=Q): The unramied condition then translates into the
requirement that the cohomology class should lie in
n 0

Hl}nr in p(Q =L; (K:O)( )) Hl}nr in p Q =L; (K:O)( 1"2)

Since interchanges the two groups inside the parentheses it is enough to
compute the rst of them, i.e.,

(4:2) Hl}nr in p(Q =L;K=0( )):
The in ation-restriction sequence applied to this gives an exact sequence
(4:3) 0! Hinwin  p(L()=L;(K=0)( )

Hivin  p(Q =L (K=0)( )
I Hom(Gal(M1 =L( ));(K=0)( ))Gat()=t).

The rst term is zero as one easily check using the divisibility of K=0O)( ):
Next note that H?(L( )=L; (K=0)( )) is trivial. If 6 1( ) this is straight-
forward (cf. Lemma 2.2 of [Rul]). If 1( ) then Gal(L( )=L)" Zp and so
it is trivial in this case also. It follows that any class in the nal term of (4.3)

lifts to a class cin HY(Q =L;(K=0)( )): Let Lo be the splitting eld of Y .
Then M1 Lo=Lg is unrami ed outside p and Lo=L has degree prime top. It
follows that c is unrami ed outside p.

Now write HL (Q =Q;Y,) (where Y, = Y , and similarly for Y,) for
the supgroup ofHL . (Q =Q;Y, ) given by
n 0
He(Q =QiYp) = 2HGH (Q =QiY,): p=0in HY(Qp; Y, =(Y,)°)

where (Y, ) is the rst step in the Itration under Dy, thus equal to (Yo=Y;)
or equivalently to (Y )°, where (Y ) is the divisible submodule of Y on
which the action of I, is via "2. (If p 6 3 one can characterize [, )° as the
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maximal submodule on whichl, acts via"?:) A similar de nition applies with
Yn replacing Y, . It follows from an examination of the action of I, on 'Y that

(4:4) Hsr (Q =Q;Yn) = Hin (Q =Q;Yn):
In the case ofY we will use the inequality

(4:5) #Hg(Q =QiY ) #Hi (Q =Q;Y ):
We also need the fact that forn su ciently large the map
(4:6) Ha (Q =Q:Y,)! HgG(Q =Q;Y )

is injective. One can check this by replacing these groups by the subgroups
of H(L; (K=0)( ) ») and H(L; (K=0)( )) which are unrami ed outside p
and trivial at p , in a manner similar to the beginning of the proof of Proposi-
tion 4.1. the above map is then injective whenever the connecting homomor-
phism

HO(Lp $(K=0)( ) ! HY(Lp :(K=0)( ) n)

is injective, which holds for su ciently large n.

Now, by Propsition 1.6,
#Hg G (Q =Q;Yn)
#Hg (Q =Q;Y,)

Also, H%(Q;Y,) = 0 and a simple calculation shows that

( ir(}f#( O=1 (g) if =1 mod

#HOQ;Yn)

(47 FHOQY, )

=# H%(Qp; (Yy) )

#HO(Q;Y,) = _
otherwise

where g runs through a set of primes ofO_ prime to pcond( ) of density one.
This can be checked sinc&/ = Ind 8( ) . K=0. So, setting

inf#(O=(1 (g))) if mod =1

(4:8) t= .

1 if mod 61
we get
(4.9) Q

#HL(Q =Q;Y) L ~y #Hom(Gal( My =L( ));(K=0)( ))Sa(t()=L)

t
2
where g = # HO(QgY ) for g6 p;p = lim # H%(Qp; (Y.2) ): This follows
from Proposition 4.1, (4.4)-(4.7) and the elémentary estimate

Y
(4:10) #(Hs(Q =Q;Y)=H{, (Q =Q;Y)) a5
g2 f pg

unr

which follows from the fact that # H(Qy™; Y)®(Qa” =Q¢) =
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Our objective is to compute H(Q =Q;V) and the main problem is to es-
timate H3,(Q =Q;Y). By (4.5) this in turn reduces to the problem of estimat-
ing
#Hom(Gal( M1 =L( ));(K=0)( ))Ca(L()=L)): This order can be computed
using the "main conjecture' established by Rubin using ideas of Kolyvagin. (cf.
[Ru2] and especially [Ru4]. In the former reference Rubin assumes that the
class number ofL is prime to p.) We could now derive the result directly from
this by referring to [de Sh, Ch.3], but we will recall some of the steps here.

Let w; denote the number of roots of unity of L such that 1 modf
(f an integral ideal of O.). We choose anf prime to p such that wy = 1:
Then there is a grossencharacter of L satisfying' (( )) = for 1 modf
(cf. [de Sh, 11.1.4]). According to Weil, after xing an embedding Q | Q, we
can asssociate g-adic character' , to ' (cf. [de Sh, 11.1.1 (5)]). We choose
an embedding corresponding to a prime abovg and then we nd ', =
for some of nite order and conductor prime to p. Indeed' , and are
both unramied at p and satisfy' pj;, = ji, = " where" is the cyclotomic
character andl, is an inertia group at p. Without altering f we can even choose
' so that the order of is prime to p. This is by our hyppothesis that factored
through an extension of the formZ, T with T of order prime to p. To see
this pick an abelian splitting eld of ' , and whose Galois group has the form
G GYwith G a pro-p-group and G° of order prime to p. Then we see that
' jo has conductor dividing fp! . Also the only primes which ramify in a Z,-
extension lie abovep so our hypothesis on ensures that js has conductor
dividing fp! . The same is then true of thep-part of  which therefore has
conductor dividing f. We can therefore adjust’ so that has order prime
to p as claimed. We will not however choosé so that is 1 as this would
require fp! to be divisible by cond . However we will make the assumption,
by altering f if necessary, but still keepingf prime to p, that both and ' ,
have conductor dividing fp! . Thus we replacefp® by I:c:m:ff; cond g:

The grossencharacter (or more precisely’ Ng- ) IS associated to a
(unique) elliptic curve E de ned over F = L (f), the ray class eld of conductor
f, with complex multiplication by O, and isomorphic overC to C=0, (cf.
[de Sh, Il. Lemma 1.4]). We may even x a Weierstrass model oE over Og
which has good reduction at all primes abovep. For each primeP of F above
p we have a formal groupEp ; and this is a relative Lubin-Tate group with
respect to Fp over Ly (cf. [de Sh, Ch. II, x1.10]). We let = . be the
logarithm of this formal group.

Let U; be the product of the principal local units at the primes abovep
of L(fp! ); i.e.,

Y
U, = U P where U, P = lim U, P;

Pjp
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each U,.p being the principal local units in L(fp")p : (Note that the primes
of L (f) above p are totally ramied in L(fp! ) so we still call them fPg.) We
wish to de ne certain homomorphisms  on U; . These were rst introduced
in [CW] in the case where the local eld Fp is Q.

Assume for the moment that Fp is Qp. In this case Ep is isomorphic to
the Lubin-Tate group associated to x + x? where ="' (p). Then letting !
be nontrivial roots of [ "](x) =0 chosensothat[ ]J(! n) = ' 1, it was shown
in [CW] that to each element u =lim u, 2 U; .p there corresponded a unique

power seriesf,(T) 2 Z,[T] suchthatf,(! )= u, forn 1. The de nition
of k.p(k 1) in this case was then

k
4 logta()

kP (U) = ToT) dT T:03

It is easy to see that .p gives a homomorphism:U; ! U; .p 'O , satisfying
kp(" )= ()¥ wp(") where :Gal F=F !0 p Is the character giving
the action on E[p! ].

The construction of the power series in [CW] does not extend to the case
where the formal group has height> 1 or to the case where it is de ned over
an extension ofQ,. A more natural approach was developed bt Coleman [Co]
which works in general. (See also [Iwl].) The corresponding generalizations of

k were given in somewhat greater generality in [Ru3] and then in full generality
by de Shalit [de Sh]. We now summarize these results, thus returning to the
general case wherép is not assumed to beQ,.

To an elementu = lim u, 2 U; we can associate a power serids.p (T) 2

Op [T] whereOp is the ring of integers ofFp ; see [de Sh, Ch. [1x4.5]. (More
preciselyf,.p (T) is the P -component of the power series described there.) For
P we will choose the prime abovep corresponding to our chosen embedding
Q! Q,: This power series satis esunp = (fy;p)(! ) forall n> 0;n  0(d)
whered = [Fp : Lp] and f! ,g is chosen as before as an inverse system of
division points of Ep. We de ne a homomorphism ¢ :U; 'O p by

Py

@1) W)= e ()= ﬁ% gt (1)

Then

(4:12) U)= () k(u) for 2 Gal(F=F)

where again denotes the action onE[p! ]. Now = ', on Gal(F=F): We

actually want a homomorphism onu; with a transformation property corre-
sponding to on all of Gal(L=L): Observe that =" 3 on Gal(F=F). Let S
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be a set of coset representatives for Gal=L )=Gal(L=F ) and de ne

X
(4:13) 2(u) = () 2(u)20p[ ]
2s

Each term is independent of the choice of coset representative by (4.8) and it
is easily checked that

2(u )= () 2(u):
It takes integral values in Op [ ]: Let U; ( ) denote the product of the groups
of local principal units at the primes above p of the eld L( ) (by which we

mean projective limis of local principal units as before). Then , factors
through U; () and thus de nes a continuous homomorphism

2: U ()! Cp:

Let G be the group of projective limits of elliptic units in L( ) as de ned
in [Ru4]. Then we have a crucial theorem of Rubin (cf. [Ru4], [Ru2]), proved
using the ideas of Kolyvagin:

Theorem 4.2. There is an equality of characteristic ideals as =
Zp[[Gal(L( )=L)]]-modules

char (Gal(M; =L( ))) = char  (U; ( )=C; ):

Let o= mod : For any Zp[Gal(L( ¢)=L)]-module X we write X ( )
for the maximal quotient of X O on which the action of Gal(L ( ¢)=L) is via
z

P
the Teichmuller lift of . Since Gal(L( )=L) decomposes into a direct product
of a prop group and a group of order prime top,

Gal(L( )=L) " Gal(L( )=L( 0)) Gal(L( o)=L);

we can also consider any y[[Gal(L ( )=L)]]-module also as aZy[Gal(L( o)=L)]-

module. In particular X ¢ ©) is a module overZy[Gal(L( o)=L)]‘ @ 'O . Also
O [[TI:

Now according to results of Iwasawa ([lw2,x12], [Ru2, Theorem 5.1]),

U; ()9 is a free (°)-module of rank one. We extend , O-linearly to

U () z, O and it then factors through U; ( ) °): Suppose thatu is a

generator ofU; ( )( ©) and an element ofct . Then f( 1u= forsome
f(T) 2 O[[T]] and a topological generator of Gal(( )=L( o)): Computing
2 on both u and gives

(4:14) FCC) D= 2()= 2(u):

Next we let e(a) be the projective limit of elliptic units in lim Lo for

a some ideal prime to 6p described in [de Sh, Ch. 1Ix4.9]. Then by the

proposition of Chapter I, x2.7 of [de Sh] this is a 12 power in lim Lipn: We
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let 1 = (a)'"'? be the projection of e(a)'**? to U; and take = Norm 1
where the norm is fromLs: to L( ). A generalization of the calculation in
[CW] which may be found in [de Sh, Ch. I, x4.10] shows that

(4:15) 2( ) = (root of unity) 2(Na (a)L(2; )205p][]

where is a basis for the O, -module of periods of our chosen Weierstrass model
of E-.r . (Recall that this was chosen to have good reduction at primes above.
The periods are those of the standard Neron di erential.) Also here should
be interpreted as the grossencharacter whose associat@dadic character, via
the chosen embeddingQ | 6p, is , and ~ is the complex conjugate of .

The only restrictions we have placed onf are that (i) f is prime to p;
(i) ws = 1; and (iii) cond jfp’ . Now let fop! be the conductor of with f
prime to p. We show now that we can choosé such that L¢(2;7)=L:,(2;7) is
a p-adic unit unless ¢ =1 in which case we can choose it to be as de ned
in (4.4). We can clearly chooselL(2;7)=L¢,(2;7) to be a unitif o 6 1; as
() (g) =Norm ¢ for any ideal q prime to fop. Note that if o =1 then also
p=3. Also if ¢ =1 then we see that

n (0]
ir(}f# O=fLtyq(2;)=Ls,(2,7)g =1t

since™ 2= L
We can compute ,(u) by choosing a special local unit and showing that
2(u) is a p-adic unit, but it is su cient for us to know that it is integral. Then
since GalM; =L( )) has no nite -submodule (by a result of Greenberg; see
[Gre2, end ofx4]) we deduce from Theorem 4.2, (4.14) and (4.15) that

#Hom(Gal( My =L( )); (K=0)( ))®a(t()=)

#0= 2L, (2;) if 061
#O= 2L¢(2; ) t if o=1:

Combining this with (4.9) gives:
Y
#H3(Q =Q;Y) # O= ‘L (2;) q
q2

where g =# H(Qq; Y ) (for g6 p), "p =# HO(Qp;(Y?) ).
SinceV' Y (K=0)( ) K=O we need also a formula for

n 0]
#ker HY(Q =Q;(K=0)( ) K=0)! HYQp";(K=0)( ) K=0) :

This is easily computed to be

Y
(4:16) #( O=h, ) '

g2 f pg
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where ' =# H%(Qq; ((K=0)( ) K=0) ) and h_ is the class number ofO, .
Combining these gives:

Proposition  4.3.

Y
#HI(Q =Q;V) #(0= °2L¢,(2;7)) #(O=h.) '
g2

where g =# H%(QyV ) (for g6 p), p =# HO(Qp; (YO) ):

2. Calculation of

We need to calculate explicitly the invariants ¢ introduced in Chapter 2,
x3 in a special case. Let, be an irreducible representation as in (1.1). Suppose
that f is a newform of weight 2 and leveN; a prime of O; abovepand . a
deformation of . Let m be the kernel of the homomorphismT ;(N) ! O ;=
arising from f. We write T for T 1(N)n W O, whereO = Of. and kp, is

m

the residue eld of m. Assume that p - N. We assume here thatk is the
residue eld of O and that it is chosen to contain k. Then by Corollary 1 of
Theorem 2.1, T 1(N ), is Gorenstein andit follows that T is also a Gorenstein
O-algebra (see the discussion following (2.42)). So we can use perfect pairings
(the second oneT -bilinear)

O O0!'0O ; h;i:T TIO

to dene an invariant of T. If : T ! O s the natural map, we set
()= (" (@) where ™ is the adjoint of  with respect to the pairings. It is
well-de ned as an ideal of T, depending only on . Furthermore, as we noted
in Chapter 2, x3, ()= h; i uptoaunitin O and as noted in the appendix
= Ann p = T[p] wherep = ker . We now give an explicit formula for
developed by Hida (cf. [Hi2] for a survey of his earlier results) by interpreting
h; i in terms of the cup product pairing on the cohomology ofX1(N), and
then in terms of the Petersson inner product off with itself. The following
account (which does not require the CM hypothesis) is adapted from [Hi2] and
we refer there for more detalils.
Let

(4:17) (;):HY(X1(N);Or) HY(X1(N);Of)! O ¢

be the cup product pairing with O; as coe cients. (We sometimes drop the
C from X1(N)-c or Ji(N)-c if the context makes it clear that we are re-
ferring to the complex manifolds.) In particular (t x;y) = (x;t y) for all
x;y and for each standard Hecke correspondende We use the action oft on
H1(X1(N);O) given by x 7! t x and simply write tx for t x. This is the same
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as the action induced byt 2 Ty(N) on H*(J1(N);Of) ' HY(X1(N);O%):
Let p; be the minimal prime of T;(N) O ; associated tof (i.e., the kernel of
Ti(N) O ;10 ¢ given byt 7! c¢(f) wheretf = ¢ (f)f), and let

Ly = HY(X1(N); Of)[pr I:

ff = a,q"letf = a,q". Thenf is again a newform and we de ne
L: by replacingf by f in the de nition of L¢. (Note here that O = Oy
as these rings are the integers of elds which are either totally real or CM by
a result of Shimura. Actually this is not essential as we could replace; by
any ring of integers containing it.) Then the pairing ( ; ) induces another by
restriction

(4:18) (;):Lf Lf 'O ¢:

Replacing O (and the O -modules) by the localization of O; at p (if necessary)
we can assume thatL; and Ly are free of rank 2 and direct summands as
O -modules of the respective cohomology groups. Let;; » be a basis ofL; .

Then also i; , is a basis ofL;y = L¢: Here complex conjugation acts on
HY(X1(N);Os) via its action on Os. We can then verify that
(; )=det( i; ;)

is an element ofO; (or its localization at p) whose image inO;. is given by
( ) (unit). To see this, consider a modi ed pairing h; i de ned by

(4:19) by = (xw y)

wherew is de ned as in (2.4). Then hix;yi = hx;tyi for all x;y and Hecke
operatorst. Furthermore

deth ; ji =det( j;w j)= cdet( i_j)

for somep-adic unit ¢ (in Of). This is becausew (L )= Ly andw (L¢) =
L: : (One can check this, foe example, using the explicit bases described
below.) Moreover, by Theorem 2.1,

HYX1(N);Z) 1,0y Ta(N)m " T2(N)Z;
HY(X1(N);Of) t,nyo , T' TZ

Thus (4.18) can be viewed (after tensoring withO;. and modifying it as in
(4.19)) as a perfect pairing of T-modules and so this serves to compute ( 2)
as explained earlier (the square coming from the fact that we have a rank 2
module).

To give a more useful expression for (; ) we observe thatf andf can be
viewed as elements oH1(X1(N);C) " H3z (X1(N);C)viaf 7! f(2)dz;f 7!
f dz. Then ff; f gform a basis forL o, C: Similarly ff;f gform a basis
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for Ls o; C: Dene the vectors ! ; = (f; f )1, = (f;f ) and write
l,=C and!,=C with C2 M,(C). Then writing f, = f;f,=f we set

(151) =det((f;T) = ( ; )det(CC):

Now (! ;! ) is given explicitly in terms of the (non-normalized) Petersson inner
product h; i:
(1;1)=  4h;fi?

whereHf;f i = He 1(N)ffdxdy:

To compute det(C) we consider integrals over classes i 1(X1(N); O¢):
By Ppincar'e duality there exist classesc;;c; in Hi(X1(N);Or) such that
det( CJ_ i)is a Hnit in Of. 0Hence detC generates the sameO; -module as

is generated by det fi  for all such choices of classe<{;c,) and with
n 0

G
ffi;fo,g= ff; f g. Letting u; be a generator of theOs -module det s f
we have the following formula of Hida:

Proposition  4.4. ( 2)= H;f i?=urus (unitin Oy, ).

Now we restrict to the case where ¢ = Indf o for some imaginary
guadratic eld L which is unramied at p and somek -valued character g
of Gal(L=L): We assume that o is irreducible, i.e., that o 6 . where

oo () = of 1 ) for any representing the nontrivial coset of
Gal(L=Q)=Gal(L=L): In addition we wish to assume that g is ordinary and
det oji, = i In particular p splits in L. These conditions imply that, if pis a
prime of L abovep o( ) ! 'mod p on U, after possible replacement of o
by o. . HeretheU, are the units of L,, and since ¢ is a character, the restric-
tion of ¢ to an inertia group |, induces a homomorphism onJ,. We assume
now that p is xed and o chosen to satisfy this congruence. Our choice of

o will imply that the grossencharacter introduced below has conductor prime
to p.

We choose a (primitive) grossencharacter on L together with an em-
bedding Q | 6p corresponding to the primep above p such that the induced
p-adic character' , has the properties:

() ' p modp= o (p= maximal ideal of Q,).

(i) ' p factors through an abelian extension isomorphic toZ, T with T of
nite order prime to p.

@y " )= for 1(f) for some integral ideal f prime to p.

To obtain ' it is necessary rst to dene ' ,. Let M; denote the maximal
abelian extension ofL which is unrami ed outside p. Let : Gal(M; =L) !

Qp, be any character which factors through aZ,-extension and induces the
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homomorphism 7! 1 on Uy, 7! Gal(My =L) where Up;; = fu2 Up 1 u
1(p)g: Then set' , = o , and pick a grossencharactet such that (' )p = ' p:
Note that our choice of ' here is not necessarily intended to be the same as
the choice of grossencharacter in Section 1.

Now let f- be the conductor of' and let F be the ray class eld of con-
ductor f- f- . Then over F there is an elliptic curve, unique up to isomorphism,
with complex multiplication by O, and period lattice free, of rank one overO,
and with associated grossencharacteér Ng- . The curve E_¢ is the extension
of scalars of a unique elliptic curveE_r+ where F* is the subeld of F of
index 2. (See [Sh1, (5.4.3)].) OvelF* this elliptic curve has only the p-power
isogenies of the form p™ for m 2 Z. To see this observe thatF is unrami ed
at p and ¢ is ordinary so that the only isogenies of degreg over F are the
ones that correspond to division by kemp and kerp® wherepp’= (p) in L. Over
F* these two subgroups are interchanged by complex conjugation, which gives
the assertion. We letE=p_, = denote a Weierstrass model oveOk - (), the
localization of Og+ at p, Wlth good reduction at the primes abovep. Let ! g
be a Neron di erential of E-o, . " : Let be a basis for the O, -module of

periods of! ¢: Then = u for some p-adic unitin F
According to a theorem of Hecke, is associated to a cusp fornf: in such
a way that the L-seriesL(s;"' ) and L(s;f: ) are equal (cf. [Sh4, Lemma 3]).
Moreover since' was assumed primitive,f = f. is a newform. Thus the
integer N =condf = j -gjNorm_-g(cond' ) is prime to p and there is a
homomorphism
t:TiN) Ry O¢ O

satisfying ((T))="(9+"' ®if l=inL; (I-N)and ¢ (T;)=0if | isinert
inL (I -N). Also (Hi)="()) (I) where is the quadratic character
associated toL. Using the embedding ofQ in Q, chosen above we get a
prime of O above p, a maximal ideal m of T ;(N) and a homomorphism
Ti(N)m ! O 1 such that the associated representation ;. reduces to
o mod

Let pp =ker { :T1(N)!'O ¢ and let

Ar = J1(N)=poJ1(N)
be the abelian variety associated tof by Shimura. Over F* there is an isogeny
Ais+  (E=+)°

whered =[O : Z] (see [Sh4, Th. 1]). To see this one checks that thp-adic Ga-
lois representation associated to the Tate modules on each side are equivalent
to(IndE™ " o) z,Kip whereKyp, = O Qpandwhere' ,: Gal(F=F) ! Z,
is the p-adic character associated to' and restricted to F. (one compares
trace(Frob ) in the two representations for = - Np and ~ split completely in

*; cf. the discussion after Theorem 2.1 for the representation o\ :)
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Now pick a nonconstant map
:X1(N)zg+ | Ecpe

which factors through A¢_r + . Let M be the composite ofF* and the nor-

mal closure ofK; viewed in C. Let ! ¢ be a Neron di erential of E=oF+ .

Extending scalars toM we can write
X
lg = als; a 2M
2Hom( K¢ ;C)

P d : .
where! ; = an(f )q" Fq for each . By suitably choosing we can assume

n=1
that ajy 6 0: Then there exist ; 20y andt; 2 T1(N) such that

X
iti 'e=c¢l¢ forsome ¢ 2 M:

We consider the map
(4:20) %:H1(X1(N)=c;Z) O m(p! Hi(E=c:Z) O wm: (p)

given by °= P i( t). Evenif Yis not surjective we claim that the image
of ©always has the formH1(E_c;Z) aOw;(y for somea 2 Oy . This is
because tensored withZ, °can be viewed as a GalQ=F*)-equivariant map
of p-adic Tate-modules, and the omlyp-power isogenies orE_g - have the form

p™ for somem 2 Z. It follows that we can factor %as (1 a) for some
other surjective

‘H1(X1(N)=c;Z) O m ! HYE=:;Z) O m;

P
now allowingato be in Oy. (p). Nowdene on i_.by = a?l;t
where : .o ! ] (n)=c is the map induced by and t; has the usual
actionon j yy-c- Then (!g)= c!y for somec2 M and
z z
(4:21) (lg)= l e

()

for any class 2 H1(X1(N)=c;Om). We note that (on homology as in
(4.20)) also comes from a map of abelian varieties : J;(N)=r+ z Opm !
E-r+ z Om although we have not used this to de ne
We cIaimeow that ¢ 2 Oy, (n). We can compute (! g) by considering
(e 1=t alion ézp O m and then mapping the image in
Sy O M 10 nyser 0,0 Om = 3 (nyaw - Now let us write Oy for
Of+.(p)- Then there are isomorphisms

S1 S2
1 .1 1 1
J1(N)=0, O 2 ! Hom(Ow ; Jl(N):ol) ! J1(N)=0,
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where is the dierent of M=Q. The rst isomorphism can be described as
follows. Lete( ):Ji(N)! Ji(N) O y for 20Oy be the mapx 7! x
Thenty(' )( )= e( ) !. Similar identi cations occur for E in place of J;(N).

Sotocheckthat (g 1)2 ﬁl(N)_o O w itis enough to observe that by
Y1

its construction  comes from a homomorphismJ;(N)-o, O m ! E-0, O m:
It follows that we can compare tfﬁ periods ﬂff and of ! g.

For f we use the factthat f dz= _fdz wherecis the Oy -linear
map on homology coming from complex conjugation on the curve. We deduce:

Proposition 4.5. uf = 4—15 2:(1=p-adic integer)).

We now give an expression forf: ;f. i in terms of the L-function of ' .
This was rst observed by Shimura [Sh2] although the precise form we want
was given by Hida.

Proposition  4.6.

C )
. H 1 2 1 1 2 .
Hefoi= —=N 1 = Ln(2"“MLn(L )
ajN q
4625
where is the character off- and ” its restriction to L;
is the quadratic character associated td_;
Ln( ) denotes that the Euler factors for primes dividingN have been
removed
S is the set of primesgjN such thatq = qd with g - cond' and g; °
primes of L, not necessarily distinct.

Proof. One begins with a formula of Petterson that for an eigenform of
weight 2 on ;(N) says

Hfi=@4) *(Q [SL2(Z): 1(N) ( 1)] Res=D(s:f;f )

1
3

P P
whereD (s;f;f )= janj’n Siff = anq" (cf. [Hi3, (5.13)]). One checks

n=1 n=1
that, removing the Euler factors at primes dividing N,
Dn(sifif )= Lu(si" ?MLn(s L ) on(s 1=on(2s 2)

by using Lemma 1 of [Sh3]. For each Euler factor of at a gjN of the form
(1 40 °)we getalso an Euler factor inD (s;f;f )oftheform (1 4 40 °).
When f = f. this can only happen for a split prime g where ¢° divides the
conductor of " but q does not, or for a rami ed prime g which does not divide
the conductor of ' . In this case we get a term (1 o' ) sincej' (q)j2 = q:
Putting together the propositions of this section we now have a formula for
( ) as de ned at the beginning of this section. Actually it is more convenient
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to give a formula for ( y ), an invariant de ned in the same way but with
T1(M)m;  w(kn,) O replacing T1(N)m w (k) © whereM = pMg with p - Mg
and M=N s of the form
Y Y
q o

g2 S a-N
ajM o

Here m; is de ned by the requirements that n, = o;Uq 2 mif ggM(q 6 p)
and there is an embedding (which we x) km, | k over kg taking U, !
where , is the unit eigenvalue of Frobp in . . So if f 0 is the eigenform
obtained from f by ‘removing the Euler factors' at q(M=N)(q 6 p) and
removing the non-unit Euler factor at p we have y =~ (1) where :T; =
T1(M)m, O !0 corresponds tof °and the adjoint is taken with respect

mi)

to perfect pairings of T; and O with themselves asO-modules, the rst one
assumedT;-bilinear.

Property (i) of ' , ensures thatM is as in (2.24) with D = (Se; ;0; )
where is the set of primes dividing M. (Note that S is precisely the set of
primes ¢ for which nq = 1 in the notation of Chapter 2, x3.) As in Chapter 2,
x3 there is a canonical map

Ro! Tp' Ti(M)m, O

w (km 1)

which is surjective by the arguments in the proof of Proposition 2.15. Here
we are considering a slightly more general situation than thabin_Chapter 2,
x3 as we are allowing ¢ to be induced from a character ofQ("  3). In this
special case we de nelT p to be T 1(M ), O. The existence of the map
miq)

in (4.22) is proved as in Chapter 2,x3. For the surjectivity, note that for each
gM (with q 6 p) Uy is zero inTp as Uy 2 my for each suchq so that we
can apply Remark 2.8. To see thatU, is in the image of Rp we use that it
is the eigenvalue of Frolp on the unique unrami ed quotient which is free of
rank one in the representation described after the corollaries to Theorem 2.1
(cf. Theorem 2.1.4 of [Wil]). To verify this one checks thatTp is reduced
or alternatively one can apply the method of Remark 2.11. We deduce that
Up 2 Ty, the W (km, )-subalgebra of T 1(M )m, generated by the traces, and it
follows then that it is in the image of Rp. We also need to give a de ni&ic&of
Tp whereD = (ord; ;O; )and g isinduced from a character ofQ(" 3):
For this we use (2.31).

Now we take

g2S:
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The arguments in the proof of Theorem 2.17 show that
Y
( m) is divisible by ( )( g h pi) (g 1)
g2 S

where , is the unit eigenvalue of Frobp in . . The factor at p is given by
remark 2.18 and atq it comes from the argument of Proposition 2.12 but with
H = H?%=1. Combining this with Propositions 4.4, 4.5, and 4.6, we have that

Y
2 on BN ) 2 gy gy,

aiN

(4:23) ( w)is divisible by 2Ly

We deduce:
Theorem 4.7. #(O= ( m))=# Hi(Q =Q;V):

Proof. As explained in Chapter 2,x3 it is su cient to prove the inequality
#(O= (m)) #HI(Q =Q;V) as the opposite one is immediate. For this it
su ces to compare (4.23) with Proposition 4.3. Since

Ln(2 )= Ln(2 )= Ln(2;" 29

(note that the right-hand term is real by Proposition 4.6) it su ces to air up
the Euler factors at q for giN in (4.23) and in the expression for the upper
bound of #H1,(Q =Q;V):

We now deduce the main theorem in the CM case using the method of
Theorem 2.17.

Theorem 4.8. Suppose that o as in (1.1) is an irreducible represen-
tation of odd determinant such that o = Ind(L2 o for a character o of an
imaginary quadratic extensionL of Q which is unramied at p. Assume also
that:

()det o =1;

p
(i) o is ordinary.
Then for everyD =( ; ;0O; ) uch that ¢ os of typeD with = Se or ord,
Rp' Tp
and T p is a complete intersection.

Corollary . For any ¢ as in the theorem suppose that

- Gal(Q=Q)! GL»(0)

is a continuous representation with values in the ring of integers of a local
eld, unrami ed outside a nite set of primes, satisfying ' ¢ when viewed
as representations toGL,(F,). Suppose further that
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M is ordinary;
Dp
(i) det o= " kK 1 with of nite order, k 2.
p

Then is associated to a modular form of weighk.
Chapter 5

In this chapter we prove the main results about elliptic curves and espe-
cially show how to remove the hypothesis that the representation associated
to the 3-division points should be irreducible.

Application to elliptic curves

The key result used is the following theorem of Langlands and Tunnell,
extending earlier results of Hecke in the case where the projective image is
dihedral.

Theorem 5.1 (Langlands-Tunnell). Suppose that : Gal(Q=Q) !
GL,(C) is a continuous irreducible representation whose image is nite and
solvable. Suppose further thadet is odd. Then there exists a weight one
newform f such thatL(s;f) = L(s; ) up to nitely many Euler factors.

Langlands actually proved in [La] a much more general result without
restriction on the determinant or the number eld (which in our case is Q).
However in the crucial case where the image in PGY(C) is Sy, the result was
only obtained with an additional hypothesis. This was subsequently removed
by Tunnell in [Tul].

Suppose then that

0:Gal(Q=Q)! GL2(Fs3)

is an irreducible representation of odd determinant. We now show, using
the theorem, that this representation is modular in the sense that overFs;
0 g: mod for some pair (@; ) with g some newform of weight 2 (cf. [Se,
x5.3]). There exists a representation
hIO i
i ZGLz(FB) I GLy Z 2 GLZ(C):

By composingi with an automorphism of GL,(F3) if Becessary we can assume
that i induces the identity on reduction mod 1+ 2. So if we consider
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i o:Gal(Q=Q)! GL,(C) we obtain an irreducible representation which is
easily seen to be odd and whose image is solvable. Applying the theorem we
nd a newform f of weight one associated to this representation. Its eigenvalues
liein Z =~ 2 : Now pick a modular form E of weight one such thatE  1(3):
For example, we can takeE = 6E;. where E;. is the Eisenstein series with
Mellinptransform given by (s) (s; ) for the quadratic character associated
to Q( 3). Then fE f mod 3 and using the Deligne-Serre lemma ([DS,
Lemma 6.11]) we can nd an eigenfo‘a’r‘gO of weight 2 with the same eigenvalues
asf modulo a prime °above (1+ ~ 2): There is a newformg of weight 2
which has the same eigenvalues ag.f’f% almost all T's, and we replace ¢% 9
by (g; ) for some prime above (1+  2): Then the pair (g; ) satis es our
requirements for a suitable choice of (compatible with ©).

We can apply this to an elliptic curve E de ned over Q by considering
E[3]: We now show how in studying elliptic curves our restriction to irreducible
representations in the deformation theory can be circumvented.

Theorem 5.2. All semistable elliptic curves overQ are modular.

Proof. Suppose thatE is a semistable elliptic curve overQ. Assume
rst that the represent%tion e.3 on E[3] is irreducible. Then if ¢ = g3
restricted to Gal(Q=Q("  3)) were not absolutely irreducible, the image of the
restriction would be abelian of order prime to 3. As the semistable hypothesis
implies that all the inertia groups outside 3 in the splitting eld of ¢ have
order dividing ?bthis means that the splitting eld of ( is unrami ed outside
3. However,Q(" 3) has no nontrivial abelian extensions unrami ed outside 3
and of order prime to 3. So g itself would factor through an abelian extension
of Q and this is a contrangction as o is assumed odd and irreducible. So

o restricted to Gal(Q=Q(  3)) is absolutely irreducible and g.3 is then
modular by Theorem 0.2 (proved at the end of Chapter 3). By Serre's isogeny
theorem, E is also modular (in the sense of being a factor of the Jacobian of a
modular curve).

So assume now that .3 is reducible. Then we claim that the represen-
tation g.5 on the 5-division points is irreducible. This is becauseX ((15)(Q)
has only four rational points besides the cusps and these correspond to non-
semistable curves which in any case are modular; cf. [BiKu, pp. 79-80]. If we
knew that g.5 was modular we could now prove the theorem in the same way
we did kngying that g.3 was modular once we observe that g. 5 restricted to
Gal(Q=Q(' b)) is absolutely irreducible. This irreducibility follows a similar
argbjment to the one for g.3 since the only nontrivial abelian extension of
Q( 5) unrami ed outside 5 and of order prime to 5 is Q( 5) which is abelian
over Q. Alternatively, it is enough to check that there are no elliptic curves
E for which g5 is an induced representation overQ(' 5) and E is semistable
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at 5. This can be checked in the supersingular case using the description of

E:sjp, (In particular it is induced from a character of the unrami ed quadratic
extension of Qs whose restriction to inertia is the fundamental character of
level 2) and in the ordinary case it is straightforward.

Consider the twisted form X ( )-qo of X (5)-q dened as follows. Let
X (5)=q be the (geometrically disconnected) curve whose non-cuspidal points
classify elliptic curves with full level 5 structure and let the twisted curve be
de ned by the cohomology class (even homomorphism) in

H'(Gal(L=Q); Aut!X(5)=)

given by g.5:Gal(L=Q) ! GL2(Z=5Z) Aut X(5)-. whereL denotes the
splitting eld of g;5. Then E de nes a rational point on X ( )-o and hence
also of an irreducible component of it which we denoteC. This curve C is
smooth asX ( )-q = X (5)-q Is smooth. It has genus zero since the same is
true of the irreducible components ofX (5)-q .

A rational point on C (necessarily non-cuspidal) corresponds to an elliptic
curve E°over Q with an isomorphism E95]' E[5] as Galois modules (cf. [DR,
VI, Prop. 3.2]). We claim that we can choose such a point with the two
properties that (i) the Galois representation go.3 is irreducible and (ii) E° (or
a quadtratic twist)has semistable reduction at 5. The curve E° (or a quadratic
twist) will then satisfy all the properties needed to apply Theorem 0.2. (For the
primes q 6 5 we just use the fact that E%is semistable atq() # gos(l 9)15:)
So E° will be modular and hence so too will go:s:

To pick a rational point on C satisfying (i) and (ii) we use the Hilbert irre-
ducibility theorem. For, to ensure condition (i) holds, we only have to eliminate
the possibility that the image of g3 is reducible. But this corresponds toE°
being the image of a rational point on an irreducible covering ofC of degree
4. Let Q(t) be the function eld of C. We have therefore an irreducible poly-
nomial f (x;t) 2 Q(t)[x] of degree> 1 and we need to ensure that for many
valuesto in Q; f (x;to) has no rational solution. Hilbert's theorem ensures
that there exists a t; such that f (x;t;) is irreducible. Then we pick a prime
p: 6 5 such that f (x;t1) has no root modp;. (This is easily achieved using the
Cebotarev density theorem; cf. [CF, ex. 6.2, p. 362].) So nally we pick any
to 2 Q which is p;-adically close tot; and also 5-adically close to the original
value of t giving E. This last condition ensures that E° (corresponding to tg)
or a quadratic twist has semistable reduction at 5. To see this, observe that
sincejg 6 0;1728, we can nd a family E(j) : y> = x3  g(j)x gs(j) with
rational functions g,(j ); gz(j ) which are nite at jg and with the j -invariant of
E(jo) equal to j o whenever theg; (j o) are nite. Then E is given by a quadratic
twist of E(jg) and so after a change of functions of the formmu(j) 7! ug:(j);
gs(j) 7! ulgs(j) with u2 Q we can assume thatE(jg) = E and that the
equation E (jg) is minimal at 5. Then for j°2 Q close enough 5-adically tg g
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the equation E (j 9 is still minimal and semistable at 5, since a criterion for this,
for an integral model, is that either ords(4 (E(j %)) =0 or ord 5(c4(E(j9)) =0 :
So up to a quadratic twist E°is also semistable.

This kind of argument can be applied more generally.

Theorem 5.3. Suppose thatE is an elliptic curve de ned over Q with
the following properties

(i) E has good or multiplicative reduction at3, 5,
(i) For p=3;5and for any prime q 1 mod p either gy jp, is reducible
over Fp, or g;jlq is irreducible over F,.

Then E is modular.

Proof. the main point to be checked is that one can carry over condi-
tion (i) to the new curve EC For this we use that for any odd prime p 6 q,

Eplp, IS absolutely irreducible and gy ji, is absolutely reducible

m

E acquires good reduction over an abelian 2-power extension of
Qg™ but not over an abelian extension ofQg.

Suppose then thatq 1(3) and that E°does not satisfy condition (ii) at
g (for p=3). Then we claim that also 3 -# go3(l4): For otherwise go3(lq)
has its normalizer in GL,(F3) contained in a Borel, whence go3(Dq4) would
be reducible which contradicts our hypothesis. So using the above equivalence
we deduce, by passing viagos '  g:s5; that E also does not satisfy hypothesis
(i) at p=3. D

We also need to ensure that go.3 is absolutely irreducible overQ("  3):
This we can do by observing that the property that the image of o3 liesin the
Sylow 2-subgroup of Gly(F3) implies that ECis the image of a rational point
on a certain irreducible covering ofC of nontrivial degree. We can then argue
in the same way we did in the previous theorem to eliminate the possibility
that go.3 was reducible, this time using two separate coverings to ensure that
the image of go.3 is neither reducible nor contained in a Sylow 2-subgroup.

Finally one also has to show that if both g.5 is irreducible and .3 is
induced from a character ofQ(" 3 ) then E is modular. (The case where
both were reducible has already been considered.) Taylor has pointed out
that curves satisfying both these conditions are classi ed by the non-cuspidal
rational points on a modular curve isomorphic to X ¢(45)=Wy; and this is an
elliptic curve isogenous toX(15) with rank zero over Q. The non-cuspidal
rational points correspond to modular elliptic curves of conductor 338.
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Appendix
Gorenstein rings and local complete intersections

Proposition 1. Suppose thatO is a complete discrete valuation ring
andthat' :S! T is a surjective localO-algebra homomorphism between com-
plete local NoetherianO-algebras. Suppose further thapr is a prime ideal of

T such thatT=pr 'O and letps ="' I(pr). Assume that

O-generators of pr =p2;

(i) * induces an isomorphismps=p3 ! pr=p? and that these are nitely
generatedO-modules whose free part has rank.

Then ' is an isomorphism.
Proof. First we consider the case wheral = 0. We may assume that the

generatorsxs;:::; X, lie in pr by subtracting their residues in T=pr 'O : By

with s r (by allowing repetitions if necessary) and ps generated by the
aj X; mod p? with a; 2 O; we see that the Fitting ideal as anO-module of

pr=p2 is given by
Fo(pr=pf) =det(a;)20

and that this is nonzero by the hypothesis that u = 0: Similarly, if each
g hj X; mod p?; then

Fo(ps=p3) = fdet(y):i21;#1 =r1 f 1,:::;s00

By (ii) again we see that det(a; ) = det( by; ) as ideals ofO for some choicel g

of | . After renumbering we may assume thatlo = f1;:::;rg: Then each g
(i=1;::5;r) can be written g = r; f; for somery 2 [xg;:::;%,] and we
have

det(bj ) det(r; ) det(a; ) mod p:

Hence det(; ) is a unit, whence (rj ) is an invertible matrix. Thus the f;'s can
be expressed in terms of thegi's and soS"' T.

We can extend this to the caseu 6 0 by picking ¥Liii X u SO that they
generate pr=p2)°s: Then we can write eachf; ', aj x; mod p? and
likewise for the gi's. The argument is now just as before but applied to the
Fitting ideals of (pr=p2)ts:
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For the next proposition we continue to assume that O is a complete
discrete valuation ring. Let T be a localO-algebra which as a module is nite
and free overO. In addition, we assume the existence of an isomorphism of

T-modulesT! Homg(T;0): We call a local O-algebra which is nite and
free and satis es this extra condition a GorensteinO-algebra (cf. x5 of [Til]).
Now suppose thatp is a prime ideal of T such that T=p"' O :
Let :T! T=p'O be the natural map and de ne a principal ideal of T
by
(1)=(")

where “: O! T is the adjoint of  with respect to perfect O-pairings on O
and T, and where the pairing of T with itself is T-bilinear. (By a perfect
pairing on a free O-module M of nite rank we mean a paringM M ! O
such that both the induced mapsM ! Homg (M; O) are isomorphisms. When
M = T we are thus requiring that this be an isomorphism of T-modules also.)
The ideal ( 1) is independent of the pairing. Also T= 1 is torsion-free as an
O-module, as can be seen by applying Hom(O) to the sequence

o! p! T!1O! 0;

to obtain a homomorphism T= 1 ! Hom(p; O): This also shows that ( 1) =
Annp:
If we let I(M) denote the length of anO-module M, then

I(p=p*) 1(0=7)

(where we write 1 for ( 1)) becausep is a faithful T= y-module. (For a
brief account of the relevant properties of Fitting ideals see the appendix to
[MW1].) Indeed, writing Fgr(M) for the Fitting ideal of M as anR-module,
we have

Fr=-(M=0) Fr(p (1)) Fr=p(p) ()

and we then use the fact that the length of anO-module M is equal to the
length of O=Fo (M) as O is a discrete valuation ring. In particular when p=p?
is a torsion O-module then — 6 O:

We need a criterion for a GorensteinO-algebra to be a complete inter-
section. We will say that a local O-algebra S which is nite and free over
O is a complete intersection overO if there is an O-algebra isomorphism
S'O [x1;::5% J=(fq1;:::;f,) for somer. Such a ring is necessarily a Goren-

(i) in the following proposition is due to Tate (see A.3, conclusion 4, in the
appendix in [M Ro].)

Proposition 2. Assume that O is a complete discrete valuation ring
and that T is a local Gorenstein O-algebra which is nite and free overO and
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that pr is a prime ideal of T such that T=pr = O and pr=p? is a torsion
O-module. Then the following two conditions are equivalent

() T is a complete intersection overO.

(i) 1(pr=p2) = I(O=") as O-modules.

Proof. To prove that (ii)) ) (i), pick a complete intersection S over O (so
assumed nite and atover O) suchthat :S T andsuchthatps=p3' pr=p?
where ps = Y(pr): The existence of such anS seems to be well known
(cf. [Ti2, x6]) but here is an argument suggested by N. Katz and H. Lenstra
(independently).

dim(S) 1 since dimS= ) =0 where ( ) is the maximal ideal of O. It follows
that fg?;:::;9%g is a regular sequence and hence that depti¥) = dim( S) = 1:
In particular the maximal O-torsion submodule of S is zero since it is also a
nite length S-submodule of S.

Now O=( s) ' O =( 7); since I(O=( s)) = I(ps=p) by (i) ) (i) and
1(O=("1)) = I(pr=p2) by hypothesis. Pick isomorphisms

T' Homg(T;0); S' Homg(S;0)

as T-modules and S-modules, respectively. The existence of the latter for
complete intersections overO is well known; cf. conclusion 1 of Theorem A.3
of [M Ro]. Then we have a sequence of maps, in which and " denote the
adjoints with respect to these isomorphisms:

ol T!1"s1 T10

One checks that ~is a map of S-modules (T being given anS-action via )
and in particular that A is multiplication by an element t of T. Now
( D=(7)inOand( ) (' )=(s)in0.As(s)=( 1)in O, we
have that t is a unit mod py and hence that " is an isomorphism. It follows
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that S' T, as otherwiseS ' ker im” is a nontrivial decomposition as
S-modules, which contradicts S being local.

Remark. Lenstra has made an important improvement to this proposi-
tion by showing that replacing + by (ann p) gives a criterion valid for all
local O-algebra which are nite and free over O, thus without the Gorenstein
hypothesis.

Princeton University, Princeton, NJ
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