Irrationality of e aka 1993 4 unit paper Q7b

(Forn € Z*, let s, = > "_ Prove by induction that e — s, = € fo 2he™® dx and
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deduce that 0 < e — s, < (n+1)!, (e —sp)n! € 7Z and e ¢ Q.)
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If e — s, = efol mk—l;e_m dx for some k € Z*, then
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and since e — s, = e fo o "¢~ dg is true for n = 1, then by induction
e—sn—efo e T dyforalln e Zt ... (1)
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and therefore 0 < efo e dy < efo v dr = ﬁ[flﬂ]o =
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since e < 3 and hence from (}), for n € ZT, 0 < e — 5, < (=S
0 < (e —=sp)n! < ﬁ < 1 for n € Z™\{1} and moreover, since 2 < e < 3,
0<e—2=(e—2)l!=(e—s1)ll <1landsoforanyn e Z", 0< (e—s,)n! <1
and hence
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and therefore

foranyn € Z%, (e—sp)n! €Z ... (%)

If e € Q and n > ¢, then there exist p,q € Z such that e = g and .. (e — s, )n! =
an! — 3" nl e Z--rln! and g|n!, contradicting (%). Hence e ¢ Q. [
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